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Abstract 

We give a surgery formula for the torsions and Seiberg-Witten invariants associ- 
ated with 5pm c -structures on 3-manifolds. We use the technique of Reidemeister- 
type torsions and their refinements. 
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Introduction 

In 1976 the author introduced a combinatorial torsion-type invariant, r, of 
compact PL- manifolds of any dimension (see [Tu2]). For a compact 3-manifold 
M, the invariant t(M) lies in the group ring Z[Hi(M)] if b\{M) > 2 and lies in a 
certain extension of this ring if b\ (M) = 0, 1. The study of r(M) was motivated by 
its connections with the Alexander-Fox invariants of M including the Alexander 
polynomial A(M). 

The definition of r contains an indeterminacy so that t{M) is defined only up 
to multiplication by ±1 and by elements of H\{M). In [Tu3], [Tu4] the author 
introduced a refined version t(M, e,cu) of t{M) depending on the choice of a so- 
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called Euler structure e on M and a homology orientation uj of M. The invariant 
r(M, e, uj) has no indeterminacy and t(M) — ±H\(M) r(M, e, w) for all e, w. 

The Seiberg-Witten invariant of a closed oriented 3-manifold M with &i(M) > 1 
is a numerical function, SW = SW(M), on the set of 5pm c -structures on M, see 
for instance [FS], [HL], [Li], [MT], [Mo], [MOY] , [OT]. This function also depends 
on the choice of a homology orientation, u, of M. For a Spm c -structure e on M, 
the integer SW(e,ui) is the algebraic number of solutions, called monopoles, to a 
certain system of differential equations associated with e. This number coincides 
with the 4-dimensional SW- invariant of the Spm c -structure e x 1 on M x S 1 . 

The invariants SW(M) and r(M) turn out to be equivalent (at least up to sign). 
The first step in this direction was made by Meng and Taubes [MT] (see also [FS]) 
who observed that SW(M) determines the Alexander polynomial A(M). The 
equivalence between SW(M) and t(M) was established in [Tu5], [Tu6] where the 
SW-invariants of Spm c -structures on M are identified with the coefficients in the 
expansion of t(M) as an element of the group ring. This involves an identification 
of the Euler structures on M with the Spm c -structures on M. 

The definition of r is based on the methods of the theory of torsions, specifically, 
triangulations, chain complexes, etc. The definition of SW is analytical. These 
definitions are not always suitable for explicit computations. The aim of this paper 
is to give surgery formulas for r and SW suitable for computations. 

We first give a surgery description of Euler structures (= 5pm c -structures) on 
closed oriented 3-manifolds. To this end we introduce a notion of a charge. A 
charge on an oriented link L — Li U ... U L m in S 3 is an m-tuple (k\, k m ) G Z m 
such that for all i = 1, ...,to, 



where Ik is the linking number in S 3 . We show that a charge k on L determines 
an Euler structure, , on any 3-manifold M obtained by surgery on L. Similarly, 
the orientation of L induces a homology orientation, ui^f , of M. 

Our main formula computes t(M, e^f , wff) in terms of the framing and linking 
numbers of the components of L, and the Alexander-Conway polynomials of L 
and its sublinks. This implies a surgery formula for ±SW(ejf , cuff). Thus, the 
algebraic number of monopoles can be computed (at least up to sign) in terms of 
classical link invariants. 

For the sake of introduction, we state our surgery formula for SW in the case 
of 3-manifolds with b\ > 2 obtained by surgery on algebraically split links. Recall 
that the Alexander-Conway polynomial Vl of an oriented link L = ii U ... UL m C 
S 3 with m > 2 is a Laurent polynomial, i.e., an element of Z[tf x , t^ 1 ]. If L 
is algebraically split, i.e., if lk(Li,Lj) = for all i ^ j, then Vl is divisible by 
n"=i(^i ~ 1) m Z^f 1 , ...jt^ 1 ]. We have a finite expansion 
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with zi(L) £ Z. 

Let M be a closed oriented 3-manifold with b\ (M) > 2 obtained by surgery on a 
framed oriented algebraically split link L = L\ U...UL m C S 3 . Let / = (/i, / m ) 
be the tuple of the framing numbers of Li, ...,L m . Denote by Jo the set of all 
j E {l,...,m} such that fj = 0. For a set J C {1, ...,m} we denote the link 
Uj e jLj by L J . Put J = {1, ...,m}\J and |J| = card(J). Then for any charge 
k = (ki, ...,k m ) on L, 

±SW{e?,u>?) (0.6) 

e ri 8 ^) e 

JoCJC{l,...,m} jgj ieZ J ,i=— k(mod2/) 

Here the sum goes over all sets J C {1, m} containing J . The sign sign(/j) = 
±1 of fj is well defined since fj ^ for j G J. The formula I £ Z J ,1 = — fc(mod 2/) 
means that I runs over all tuples of integers numerated by elements of J such that 
lj = -kj(m.od2fj) for all j e J. By \J\ > |J | = &i(M) > 2, the algebraically split 
link L J has > 2 components so that zi(L J ) is a well defined integer. Only a finite 
number of these integers are non-zero and therefore the sum on the right-hand 
side of (O.b) is finite. This sum obviously depends only on fc(mod2/); the Euler 
structure e^f also depends only on A; (mod 2/). The precise sign in front of SW in 
(O.b) is unknown to the author. This sign is the same for all charges k on L. 

For a link L = L\ U ... U L m which is not algebraically split, the polynomial Vl 
can be divided by 112=1 (*? ~ 1) m a certain quotient of Zfif 1 , t^ 1 ]. This leads 
to a general surgery formula for an arbitrary L. 

We give also a surgery formula for the Alexander polynomial A(M). It is 
simpler than the surgery formulas for r and SW, and we establish it first. 

The methods of this paper yield similar surgery formulas for the invariants 
r, A, SW of link exteriors in closed oriented 3-manifolds. 

The invariants r, A, SW are closely related to the Casson-Walker-Lescop in- 
variant of 3-manifolds. We shall discuss these relations and other properties of 
r, A, SW in another place. 

The organisation of the paper should be clear from Contents above. 

1. Smooth Euler structures on 3-manifolds 

1.1. Euler structures on manifolds. We recall briefly the theory of (smooth) 
Euler structures on manifolds following [Tu4]. By a relative vector field on a 
compact (smooth) manifold M we mean a rwnsingular tangent vector field on M 
directed outside M on dM (transversely to dM). Relative vector fields u and v 
on M are called homologous if for every connected component Mq of M and a 
point x G M the restrictions of u and v to M \{x} are homotopic in the class of 
nonsingular vector fields on M \{x} directed outside M on dM . The homology 
class of a relative vector field u on M is called a (smooth) Euler structure on M and 
denoted by [u]. The set of Euler structures on M is denoted by vect(M). This set 
is non-void iff for each connected component M of M we have x(M ) = 0. This 
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condition is satisfied for instance if M is a compact 3-manifold whose boundary 
consists of tori. 

The group H\(M) acts on vect(M) as follows. (This action as well as the group 
operation in H\(M) will be written multiplicatively.) Let u be a relative vector 
field on M. Let h G H\(M) be represented by an oriented simple closed curve 
I C M\dM. Let V be a regular neighborhood of I. We endow V with coordinates 
(6, r), where G R/27rZ is the coordinate along I and r is the radial coordinate on 
the discs transversal to I. Choose a Riemannian metric on V such that the tangent 
vector fields ^ and ^ are orthogonal everywhere and the Euclidean norm \r\ > 
measures the distance of a point of V from I. We can assume that |r|i av = 1, 
and after applying a homotopy to u we can assume that u\ v — —■§$■ Then h[u] is 
represented by the relative vector field on M which is equal to u on M \ V and is 
equal to cos(|r|7r) + sin(|r|7r) on V. 

If vect(M) ^ then the action of Hi(M) on vect(M) is free and transitive. 
Thus, for any two relative vector fields u, v on M, there is a unique h G Hi(M) 
such that [u] = h[v]. This h is denoted by Clearly, [u]/[ti] = (M/M) -1 - 

For the torus T = S 1 x S 1 , the set vect(T) has a distinguished element defined 
as follows. Consider a non-singular vector field w on T whose flow lines are the 
circles x x S 1 with x G S 1 . The class [w] G vect(T) depends neither on the 
orientation of the circles nor on the choice of the splitting of T as a product of two 
circles. This follows from the easy observation that [w] is invariant under the Dehn 
twists along S 1 x x and x x S 1 . In fact [w] is the only clement of vect(T) invariant 
under all sclf-homcomorphisms of T. The formula h h[w] defines a natural 
bijection H\{T) — > vect(T). We call a non-singular vector field on T canonical if 
it is homologous to w. 

1.2. The Chern class. Let M be a compact 3-manifold whose boundary 
consists of tori. For any u G vect(M), the Chern class c(u) G H\(M) can be 
defined as follows: consider a non-singular tangent vector field on dM whose 
restrictions to all components are canonical; the first obstruction to extending this 
vector field to M transversely to u lies in H 2 (M,dM) and c(u) G H\(M) is its 
Poincare dual. We however shall use a somewhat different definition of c(u). 

For a relative vector field u on M, we define an opposite vector field as follows. 
Deforming if necessary u in a regular neighborhood dMx [0, 1] C M of dM = dMx 
we can assume that u is tangent to the lines x x [0, 1] for x G dM and directed 
from 1 to 0. Consider the vector field on M which is equal to — u on the complement 
of dMx [0, 1] in M and is given by the formula (x, t) \— > cos(£7r)w(x, i)+sin(£7r)w;(a:) 
on dM x [0, 1] where x G dM, t G [0, 1] and w is the canonical vector field on the 
tori forming dM. It is clear that this is a relative vector field on M. Its class in 
vect(M) depends only on e = [it]. We denote this class by e -1 . It follows from 
definitions that (he)- 1 = h^e^ 1 for any h G Hi(M),e G vect(M). 

For e G vect(M), set c(e) = e/e -1 . We have the identities 

c(he) = (fte)/(/» _1 e _1 ) = ^(e/e^ 1 ) = h 2 c(e). 
This formula has useful applications. It implies that the negation is an involution 
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on vect(M). Indeed, we have 

c^ 1 ) = c((e- 1 /e)e) = {e^/ef c(e) = c(e)- 2 c(e) = c(e)- 1 (1.2.o) 
and therefore 

(e- 1 )- 1 = (cCe" 1 ))-^" 1 = (^e)" 1 )-^- 1 = c^e" 1 = e. 

The formula c(/ie) = h 2 c(e) shows that the Chern class map e c(e) : vect(M) — ► 
H\(M) is injective provided H\(M) has no 2-torsion. The formula c(he) = h 2 c{e) 
implies also that the class c(e)(mod 2) G H\(M; Z/2Z) does not depend on e. This 
class can be computed as follows. 

1.3. Lemma. Let M be a compact orientable 3-manifold whose boundary- 
consists of tori. Let ScMbea compact embedded surface such that <9E = <9MnE 
and all components of <9E are non-contractible on dM . Then for any e G vect(M) 
we have 

c(e) • E = 6 (<9E)(mod2) 

where c(e) • E is the intersection number of c(e) with E modulo 2 and bo(dT,) is 
the number of components of <9E. 

This lemma completely determines c(e)(mod2) since the homology classes 
of surfaces E as in the lemma generate the group H2(M,dM;Z/2Z) dual to 
H\(M; Z/2Z). We give a proof of this lemma at the end of Sect. 1. 

1.4. Example. A solid torus is the product S 1 x D 2 where S 1 is a circle and 
D 2 is a closed 2-disc. A solid torus Z = S 1 x D 2 endowed with a generator, hz, 
of Hi(Z) = Z is said to be directed. In other words, Z is directed if its core circle 
S 1 x pt with pt G D 2 is oriented. Since H 1 (Z) has no torsion, the Chern class 
map vect(Z) — > -Hi(Z) is injective. Applying Lemma 1.3 to the meridional disc 
E = x x D 2 C Z with x G S 1 we obtain that the image of this map consists of the 
odd powers of the generator. Thus, on a directed solid torus Z there is a unique 
Euler structure e such that c(e) = h^ 1 . We call this e G vect(Z) the distinguished 
Euler structure on Z and denote it by ez • 

1.5. Gluing of Euler structures. Let M be a compact 3-manifold whose 
boundary consists of tori. Let T C M\dM be a finite system of disjoint embedded 
2-tori splitting M into two 3-manifolds M and Mi. We define now a gluing map 

U : vect(Mo) x vect(Mi) -> vect(M). (1.5.a) 

Let «i be a relative vector field on Mi for i = 0,1. We can identify a regular 
neighborhood of T in A'/ with T x [0, 1] so that 

T = Tx (1/2), T x [0,1/2] c M , T x [1/2, 1] c M\. 
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We deform uq so that it is tangent to the lines x x [0, 1/2] for x E T and is directed 
from to 1/2. Similarly, we deform u\ so that it is tangent to the lines x x [1/2, 1] 
for x E T and is directed from 1 to 1/2. Let w be a non-singular tangent vector field 
on T whose restriction to each component of T is canonical in the sense of Sect. 1.1. 
We define a relative vector field uq Utii on M as follows: on Mo\(T x [0, 1/2]) it is 
equal to u , on M\\(T x [1/2, 1]) it is equal to u\, at any point (x, t) E T x [0, 1/2] 
it equals cos(i7r)tio(a;, t) + sm(tn)w(x), at any point (a;, t) E T x [1/2, 1] it equals 
— cos(t7r)ui(x, t) + sm(tn)w(x). The class [uq U wi] E vect(M) depends only on 
[uq], [ui]. This yields a well-defined map (1.5. a). 

It follows from definitions that for any hi E #i(Mj), e$ E vect(Mj) with i = 0, 1, 

/i e U hiei = (in (/io)ini(/ii)) (e U ei) (1.5.6) 

where in, is the inclusion homomorphism H\{Mi) — > H\(M). As an exercise, the 
reader may check that 

(eoUei)- 1 = eo 1 Ue^ 1 
(hint: use that w is homotopic to —to). This implies that 

c(e U ei) = (e U ei)/(e U ei) -1 

= ( c ( e o)e ( 7 1 U c(ei)e7 1 )/(e " 1 U e^ 1 ) = in (c(e )) ini(c(ei)). 

We shall use the gluing of Euler structures in the following setting. Consider 
a 3-manifold M obtained from a compact 3-manifold E by gluing n directed solid 
tori Zi, Z„ along n tori in BE. Gluing to e E vect(M) the distinguished Euler 
structures on these solid tori we obtain an Euler structure, e M , on M: 

e M = e U e Zl U ... U e Zn E vect(M). 

Clearly, 

n 

C (e M )=in(c(e))nV 1 (1-5-c) 

i=i 

where in : H\{E) — > H\(M) is the inclusion homomorphism and h\,...,h n E 
H\(M) are the homology classes of the oriented core circles of Zi, Z„. We have 
(e M )"! = n"=i ^ (e* 1 ) 7 ^ and (he) M = in(/i) e M for any h E ffi(S). 

1.6. Charges on links and Euler structures on link exteriors. The Euler 
structures on link exteriors can be described in terms of charges. Let L be an 
oriented link in an oriented 3-dimensional integral homology sphere N. A charge 
on L is an integer-valued function k on the set of components of L such that for 
every component £ of L we have k(£) = 1 + lk(£, L\£) (mod 2) where Ik denotes the 
linking number in N . 

Consider the exterior E of L in N. There is a canonical bijection between the 
set vect(-E) and the set of charges on L. It is defined as follows. For a component 
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£ of L denote by te G H\ (E) the homology class of a meridian of £. (By a meridian 
of an oriented knot we always mean a canonically oriented meridian whose linking 
number with the knot equals +1). For e G vect(i?), the Chern class c(e) G H\(E) 
can be uniquely expanded as \\ t tf ^ where £ runs over the components of L and 
k(£) G Z. We claim that (i) the function £ \— > k(£) is a charge on L and (ii) 
the resulting map from vect(_E) to the set of charges on L is bijective. To prove 
(i), consider a component £ of L and its Seifert surface C N intersecting L\£ 
transversely. Then the surface E = T,£ n E C E satisfies the conditions of Lemma 
1.3. Note that tfY, = l(mod2) and tp • S = for any component £' of L\£. This 
and Lemma 1.3 imply that 

k{£) = c(e) • S = 6 (9S) = l + lk(£ 1 L\£)(mod2). 

Claim (ii) is essentially obvious: the injectivity follows from the injectivity of the 
Chern class map c : vect(.E) — ► H\(E) and the surjectivity follows from the identity 
c(he) = h 2 c(e) where e G vect(E), h G Hi(E). 

For a charge k on L, denote by e k the unique Eulcr structure on E such that 
c ( e fc) = Y\t Formula (1.2. a) implies that (e fe ) _1 = e_ fe where — k is the 

charge on L defined by (—k)(£) — —k{£). For any charges k, k! on L, 

n,(k'(i)-k(l))/2 

i 

If L = LiU...UL m is ordered then a charge on L is just an m-tuple (fci, k m ) G 
Z m satisfying formula (O.a) for alH = 1, m. For a set / C {1, to}, we denote 
by L 1 the sublink {Li} ie j of L. A charge k on L induces a charge k 1 on L 1 by 

k 1 (£) = k(£) - lk(£, L\L r ) = k{£) - lk(£, L 1 ) 

where £ runs over the components of L 1 and / = {1, m}\I. The corresponding 
map vect(E) — > vect(i? 7 ) (where E 1 is the exterior of L 1 ) is described as follows. 
We can obtain E 1 from E by gluing regular neighborhoods of the components of 
L 1 . These regular neighborhoods are directed solid tori: the orientation of their 
cores is determined by the orientation of L. Gluing to G vect(£ l ) the distin- 
guished Euler structures on these directed solid tori we obtain e k i G vect(_E 7 ), so 
that in the notation of Sect. 1.5 we have e k i — (ek) E ■ This follows from (1.5.c) 
applied to the inclusion E C E 1 . (Here hi,...,h n are the homology classes of the 
components of L 1 in E 1 .) 

1.7. Surgery presentation of Euler structures. Let M be a closed 3-manifold 
obtained by Dehn surgery along an oriented link L — L\ U ... U L m in an oriented 
3-dimensional integral homology sphere N. This means that M is obtained by 
gluing to directed solid tori Z\, Z m to the exterior E of L. Consider a charge k 
on L. Gluing to e k G vect(E) the distinguished Euler structures on Zi, ...Z m we 
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obtain an Euler structure e^ 1 = (ek) M on M. If k,k' G Z m are two charges on 
L then k' -k = 2h with h G Z m = and e fe - = /ie fe ,e£f = in(/i)ef where 

in : H\{E) — ► H\(M) is the inclusion homomorphism. This implies that e^f = e^ f 
if and only if ft, = (fc' — k)/2 G Kcr(in). Since in : H\{E) — > H\{M) is surjective 
we obtain that all Euler structures on M have the form for a charge fc on M. 

For an integral surgery on L determined by a framing of L, we shall always 
use the following structure of a directed solid tori on Zi, Z m . Let U\, t/ m be 
disjoint closed regular neighborhoods of L\, ...,L m so that _E = N\ Int(£/,). 
Let Zi be the solid tori glued to dUi C <9-E to form M where i = 1, ...,m. A 
meridian of Li lying in <9£7j is a core of Zj. The canonical orientation of this 
meridian induced by the orientation of Li makes Zi directed. 

As an exercise, the reader may check that (e^) _1 = e^_ k where 2 — k is the 
charge on L — L\ U ... U L m defined by (2 — k)i = 2 — fcj for i = 1, m. 

1.8. Proof of Lemma 1.3. In the case <9M = Lemma 1.3 is essentially obvious. 
In this case <9E = and the lemma amounts to saying that c(e)(mod2) is a trivial 
homology class. Since M is parallclizable, there is a non-singular vector field u on 
M homotopic to —u. Clearly, c([u]) — 1 and the claim follows from the equality 
c(e) = c([u])(mod2). 

We now prove Lemma 1.3 in the case where M = Z = S 1 x D 2 is a solid torus. 
Let h be a generator of H\(Z). It is an elementary topological exercise to check 
that &o(<9S) = h ■ E(mod2). Therefore it remains to prove that for any relative 
vector field u on Z the class c([u]) is an odd power of h. We define two residues 
n + (u),n,-(u) G Z/2Z as follows. Choose a trivialization v\ (resp. ^2,^3) of the 
tangent bundle of S 1 (resp. of D 2 ) inducing the given orientation of S 1 . This 
induces a trivialization (^1,^2,^3) of the tangent bundle of Z. Restricting u to the 
disc x x D 2 C Z with x G S 1 and using the trivialization (vi, t>2j ^3) we obtain 
a map /„ from D 2 to the unit 2-sphere S 2 G R 3 such that f u (dD 2 ) does not 
meet the poles (±1,0,0) of S 2 . Let n + (u) and n_(u) be the degrees mod 2 of f u 
with respect to these poles. They depend only on [u] G vcct(Z). It is clear that 
n + (u) — n-{u) = 1. A simple calculation shows that n±(h k u) = n±(u) + fc(mod2) 
for any k G Z. The restriction of v\ to dZ is canonical and can therefore be 
used to describe a vector field representing On the regular neighborhood 

of dZ used in the definition of this vector field never belongs to — R+^i. 

Therefore = n + (u) = n_(u) + 1. Hence [u]^ 1 = h k [u] with odd k and 

c([u]) — [u] / [u] ~ 1 = h~ k is an odd power of h. 

Consider now the general case of Lemma 1.3. The intersection of S with a 
component T of dM is a system of disjoint simple closed curves homotopic to each 
other. We glue to M a solid torus Z-r along T so that the curves forming EnT 
bound disjoint embedded discs in Z-r. Denote the union of these discs by St- If 
S n T = then we glue a solid torus Zt to M along T in an arbitrary way and 
set £t = 0- Applying this procedure for all components T of dM we obtain a 
closed 3-manifold M and a closed embedded surface S = EU (Ut£t) C M . Let e 
be the Euler structure on M obtained by gluing e with arbitrary Euler structures 
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{er G vect(Zr)}T- We have c(e) = c(e) • IlT c ( eT )- Therefore 

c(e) • £ = c(e) • S + ^ c(e T ) • S T (mod 2). (1.8.a) 

T 

By the results of the previous paragraphs, c(e) • S = 0(mod2) and 

c(e T ) • S T = 6 (9St) = feo(aSnT) (mod 2). 

Substituting this in (1.8. a), we obtain c(e) • £ = 6 (9S)(mod 2). 

1.9. Remark. The Euler structures on a closed oriented 3-manifold M bijectively 
correspond to Spm c -structures on the tangent vector bundle TM — > M of M. The 
Spm c -structure corresponding to the class [u] of a non-singular vector field u on M 
is defined as follows. The 2-dimensional quotient vector bundle TM/Hu is oriented 
and therefore has the structure group U(l). This reduces the structure group of 
TM = (TM/Rw) © Ru to 17(1) = 17(1) © (1) C U{2) = Spin c (3). Similarly, 
for a compact oriented 3-manifold M whose boundary consists of tori there is a 
bijection of vect(M) on the set of relative Spm c -structures on M, see [Tu6]. 

2. Torsions of chain complexes 

2.1. Basic definitions. Having two bases c, d of a finite dimensional vector 
space, we can expand the vectors of c as linear combinations of the vectors of c'. 
The determinant of the resulting square matrix is denoted by [c/c']. The bases 
c, d are equivalent if [c/d] = 1. 

Let C = (Cm — > C m _i — > ... — > Co) be a finite dimensional chain complex of 
length m over a field F. Suppose that for all i = 0,1, ...,m both d and Hi(C) 
are based, i.e., have a distinguished basis. In this situation one defines the torsion 
t(C) as follows (cf. [Mil], [Mi2]). Let Cj be the given basis in C, and let hi be a 
sequence of vectors in Ker(9i_i : C, — > Ci-i) whose images under the projection 
Ker9j_i — > H^C) form the given basis in Hi(C). Let 6j be a sequence of vectors 
in Cj such that 9 i _i(6 i ) is a basis in Im3j_i. Then for every i, the sequence 
di(bi + i)hibi is a basis in C,. Set 

7-(C) = IJ[«i(6i+i)Wci] ( " 1)i+1 eF. 

i=0 

The torsion r(C) depends on the equivalence classes of the given bases in Cj, Hi(C) 
and does not depend on the choice of hi,bi. If C is acyclic then the definition of 
t(C) simplifies since there is no need to fix a basis in H*(C). 

We shall use a "sign-refined" torsion f introduced in [Tu3]. Set 

ai {C) = dirnC, + dimC i _i + ... + dimC (mod 2) e Z/2Z, 
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(3i(C) = dim H^C) + dim H^C) + ... + dim H (C) (mod 2) G Z/2Z, 

m 

N{C) = Y / MC)MC) G Z/2Z. 

8=0 

Set f(C) = (-l) w ( c )r(C) 6F.KC is acyclic then f(C) = r(C). 

2.2. Relative torsions. Let C = (C m — > ... — > Co) be a finite dimensional chain 
complex over a field i* 1 and let C — {C' m C ) be a chain subcomplex of C. 

Suppose that the homology of C,C and C" — C/C are based. (The complexes 
themselves are not assumed to be based). We define a relative torsion t(C C C) 
as follows. Denote by Ti the homology sequence of the pair (C, C): 

U = (H m (C) -> H m {C) - ff m (C") - ... -> ffo(C) - # (C"))- 

Clearly, 7i is a based acyclic chain complex over F. Set 

r(C" C C) = {-1) b{C ' C,) t{H) G F 

where 

m 

0(C, C") = £[(&(C) + 1)(A(C") + &(<?")) + ft-iCCjACC")] G Z/2Z. 

i=0 

The relative torsion t(C C C) can be expressed in terms of the torsions of 
C,C',C". Namely, provide for all i — 0,1,..., m the vector spaces (7j,C-,C" = 
Ci/C- with compatible bases Ci,c-,c" where the compatibility means that Cj is 
equivalent to the basis c^c" obtained as a juxtaposition of c\ with a lift of c" to 
Cj. Then (see [Tu3], Lemma 3.4.2) 

r(C c C) - ( - ir <c,c,_ij^_ (2 2 o) 

where 

m 

i/(C,C") = 5^ai(C")ai-i(C") G Z/2Z. (2.2.6) 

»=0 

If C, C are acyclic, then r(C" C C) = 1 and (2. 2. a) yields 

r(C) = (-lf^'V^VO?")- (2.2.c) 



2.3. Lemma. Let C 1 C C 2 C C 3 be finite dimensional chain complexes 
of length m over a field F. Suppose that the homology of the chain complexes 
C\^^C7C\C 3 /C' 1 ,C' 3 /C' 2 are based. Then 

T(r i rr *, r(C 1 cC 2 )r(C 2 cC 3 ) 

r(C CC)- T{c2/clcC3/cl) • (2.3.a) 
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Proof. Choose in each Cf a basis whose first dimC* vectors lie in C\ and 
the next dimCf — dimC, 1 vectors lie in Cf. This basis determines bases in 
ClCf,Cf/Cl,Cf/Cl,Cf/Cf in the obvious way. By (2. 2. a), for any 1 < p < 
<Z<3, 

t(c p c c q ) = {-if 



_ (iy(C q ,C) f(C q ) 



t{C 2 IC x c C'/C 1 ) = (-^(cV^cVc 1 ) 



f{cp)f{ci/cpy 



f(C 2 /C 1 )f(C 3 /C 2 )' 
Substituting these expressions in (2. 3. a) we obtain that (2. 3. a) is equivalent to 

v(C 2 , C 1 ) + v(C 3 , C 1 ) + v{C 3 ,C 2 ) + iy(C 3 /C 1 ,C 2 /C 1 ) = 0. 

This formula follows from (2.2.b) and the equalities a t {C q /C p ) = a t (C q ) - a t (C p ) 
for all 1 < p < q < 3. This implies (2.3.a). 



3. Homology orientations of 3-manifolds 

3.1. Homology orientations A homology orientation w of a finite CW-pair 
(X, Y) is an orientation of the vector space (X, Y; R) = (Bi> Hi(X, Y; R). We 
denote by — lu the opposite orientation. 

The exterior, E, of an oriented link L = LiU...UL m in an oriented 3-dimcnsional 
integral homology sphere N has a canonical homology orientation lul determined 
by the basis ([pi], ii, t mi gi, g m -i) where [pt] is the homology class of a point 
in E, ti, t m are the meridional generators of Hi(E;IV), and <?i, g m ~i arc the 
generators of H%(E\ R) represented by oriented boundaries of regular neighborhods 
of Li,...,L m —i, respectively. (We use the "outward vector first" conveniton for 
the orientation of the boundary. The orientation in the regular neighborhoods 
is induced by the one in N). Note that ujl does not depend on the numeration 
of the components of L and changes sign under inversion of the orientation of a 
component of L. 

3.2. Induced homology orientations. Let M be a 3-manifold obtained by 
gluing m directed solid tori Zi = S 1 x D\, ...,Z m = S 1 x D m to a compact 3- 
manifold E. The aim of this section is to show that a homology orientation, oj, of 
E induces in a natural way a homology orientation, u M , of M. 

Fix an orientation of the 2-discs Di, ...,D m and provide each Zi — S 1 x Di 
with orientation obtained as the product of the given orientation of its core and 
the fixed orientation in Di. Clearly, 

H 2 {Zi , 3Zi ; R) = R [ A , d A] , # 3 (Z< , dZ % ; R) - R [Z< , dZ t \ . 

By excision, the vector space i?*(M, E; R) = R 2m has a basis 

[ A , d A] , • • • , [An , d An] , [Zi , SZx] , . . . , [Z m , dZ m ] . 
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Denote the homology orientation of (M,E) determined by this basis by uJ(m,e)- 
It is easy to check that lo(m,e) depends neither on the choice of orientations in 
Di, D m nor on the numeration of Zi, Z TO . 

There is a unique homology orientation w of M such that the torsion of the 
exact homology sequence of the pair (M, E) 

H = (H 3 (E; R) - H 3 (M; R) - H 3 (M, E; R) — > ... — > H a (E; R) - tf (M; R)) 

has a positive sign. It is understood that the torsion is taken with respect to 
arbitrary bases in H*(E; R), H*(M; R), H*(M, E; R) determining the orientations 
ui,H),u)( MtE ), respectively. (The sign of t(H) G R\{0} depends only on these 
orientations and does not depend on the choice of the bases). The homology 
orientation u M of M induced by u> is defined by 



M _ ^_ 1 ynb 3 (M) + (b (E)+b 1 (E))(b B (M)+b 1 (M)+ m +l)+b 3 (E)(b 3 (M) + l) ^ (3 2 a) 



The sign on the right-hand side is needed to ensure Lemma 3.3 below. 

Clearly {-lu) m = ~{uj m ). If m = then M = E and lu m = u = lu. In the 
case of connected E, formula (3. 2. a) simplifies to 

LO M = (_l)"»6 3 (M) + (6 1 (E)+l)(6i(M)+m) ( 2 ) (3.2.6) 

We establish two useful properties of induced homology orientations. 

3.3. Lemma (transitivity). Let E be a compact 3-manifold whose boundary- 
consists of tori. Let M D E be obtained by gluing directed solid tori to E. Let 
M' D M be obtained by gluing directed solid tori to M. Then for any homology 
orientation u of E, 

u M ' = (oj m ) m ' . 



Proof. Assume that M is obtained from E by gluing p directed solid tori and 
M' is obtained from M by gluing q directed solid tori. Fix a CW-decomposition 
of M' such that both M and E are its CW-subcomplexes. Consider the cellular 
chain complexes 

c 1 = C*{E; R) C c 2 = C«{M; R) C c 3 = C,(M'; R). 

We fix orientations of the meridional discs of the solid tori forming M'\E and 
provide ff*(c 2 /c 1 ), ff*(c 3 /c 1 ), i?*(c 3 /c 2 ) with bases as in Sect. 3.2. Let us provide 
H^c 1 ), H*(c 2 ) with bases determining the homology orientations uj,u> m , respec- 
tively. The corresponding relative torsion t(c : C c 2 ) G R\{0} depends on the 
choice of the bases but its sign ±1, denoted ro(c x C c 2 ,oj,oj m ), depends only on 
uj,uj m . The definition of uo M can be reformulated by saying that 

T^C 1 C1C 2 ,W,W M ) 
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= (_l) ( c2 I cl )+P f '3(M) + (6o(£;)+bi(B))(()o(M)+6 1 (M)+p+l)+h 3 (_E)(b 3 (M) + l) 

A direct computation shows that 

0(cV) 

= pb 3 (M) + (b (E) + b 1 (E))(b (M) + b 1 (M)+p+l) + b 3 (E){b 3 (M) + l)+ P {mod2). 
This follows from the definition of 8(c 2 , c 1 ) and the following equalities mod 2: 



Pi if i = 2, 
0, 2, 



&o(£), t/ i = 0, r b (M) = bo(E), if i = 0, 

, b (E) + h(E), if i = 1, J 6o(M) + 6i(M), i/ i = 1, 

03 if i = 2, o 3 (M), z/ i = 2, 

0, if i>3, [ 0, i/ i > 3. 

(Here we use that X (E) = x{dE)/2 = and X {M) = x{dM)/2 = 0.) Thus, the 
definition of uj m can be reformulated by saying that 

Mc 1 C c 2 ,uj,lj m ) = (-l) p . (3.3.o) 

Similarly, 

r (c 2 C c 3 ,c M ,(c M ) M ') = (-1)", ^(c 1 C c 3 ,cj,uj m ') = (-1)^. 

It is easy to compute that 9(c 3 /c 1 , c 2 /c 1 ) — and r(c 2 /c 1 C c 3 /c 1 ) = +1. Apply- 
ing Lemma 2.3 and taking signs we obtain that 

Mc 1 C <?,u,{u M ) M ') =t (c 1 C c 2 ^/)^ C c 3 ,u m ,(lj m ) m ') 

= (-iy+1 = T (c 1 CC 3 ,CJ,U M '). 

Therefore (uj m ) m ' = uj m ' . 

3.4. Lemma. Let E be the exterior of an oriented link L = L\ U ... U L m in an 
oriented 3-dimensional integral homology sphere N. Let E' D E be the exterior of 
a non-void sublink V of L. Then E' is obtained from E by gluing directed solid 
tori and (ujl) E = Ul>- 

Proof. Lemma 3.3 allows to deduce this lemma by induction from the case 
where V has one component less than L. We however prefer to give a direct 
proof in the general case. Assume for concreteness that L' = L\ U ... U L n with 
1 < n < m. It is clear that E' is obtained from E by gluing m — n directed solid 
tori Z n+ i, Z m which are regular neighborhoods of L n+ i, ...,L m , respectively. We 
orient the meridional disc of each so that its intersection index with Li equals 
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+1. This yields a basis in H*(E', E) as in Sect. 3.2. The homology H*{E),H { E') 
have bases described in Sect. 3.1. The exact homology sequence, H, of the pair 
(E' , E) splits as a concatenation of two short exact sequences 

H 3 (E',E) -> H 2 (E) -» H 2 (E'), H 2 (E',E) -» ^(S) -» !(£?') 

and the inclusion isomorphism Hq(E) — > Hq(E'). The torsions of these pieces 
with respect to the choosen bases are equal to (_i) mn +™ j j_ijmn+n an j _j_ x , re- 
spectively. Hence t(TL) = +1 and therefore lul — lu^i. The numerical expression 
appearing in (3.2.b) equals 

(m - n)b 3 (E') + (&i(£) + l)(&i(£') + m - n) = (mod 2). 

Therefore the sign in (3.2.b) is + and (ujl) e = u L = oj l >. 

4. Combinatorial Euler structures on 3-manifolds 

4.1. Combinatorial Euler structures. In this and the next two subsections 
we recall the theory of combinatorial Euler structures and their torsions following 
[Tu4]. Let X be a finite CW space. An Euler chain in X is a 1-dimensional 
singular chain £ in X with 

^ = E(- 1 ) dima «« 

a 

where a runs over all (open) cells of X and a a is a point in a. For two Euler chains 
£, r? we define a "quotient" G H\(X) as follows. Let 

^ = E(- 1 ) dimaa « and ^ = E(- 1 ) dima ^ 

a a 

where a a , /3 a G a. For each cell a, choose a path 7 a : [0, 1] — > a from a a to /3 a . Then 
£/?7 G Hi(X) is the homology class of the singular 1-cycle £ — 77 + 5Z a (— l) dlma 7a- 

We say that two Euler chains £, 77 in X define the same (combinatorial) Euler 
structure on X if £/ry = 1. The Euler structure represented by £ is denoted by 
[£]. The set of Euler structures on X is denoted by Eul(X). This set is non-void 
iff for every connected component X of X we have x(^o) = 0. It is clear that 
Eul(X) = Yl Xo Eul(Xo) where X runs over the components of X. 

The group Hi(X) acts on Eu\(X): if [h] G H\(X) is the homology class of a 1- 
cycle h and £ is an Euler chain on X then [h] [£] = + G Eul(X). If Eul(X) ^ 
then this action is free and transitive. 

For any cellular subdivision X' of X there is a canonical i?i(X)-equivariant 
bijection Eul(X) — > Eul(X'). This allows us to define the set of combinatorial 
Euler structures Eul(M) for a smooth compact manifold M. This set is obtained 
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by identification of the sets {Eul(X )}x where X runs over the C 1 -triangulations of 
M. By [Tu4], there is a canonical i?i (M)-equivariant bijection Eul(M) = vect(M). 

4.2. Torsions of Euler structures. Let X be a finite connected CW space 
with x(-^0 = 0- Let F be a field and <p : Z[Hi(X)] — > F be a ring homomorphism. 
For every Euler structure e G Eul(X) and every homology orientation u of X we 
define a torsion t v (X, e, u) G F. 

Consider the maximal abelian covering X of X with its induced CW structure. 
The group H = Hi (X) acts on X via the covering transformations permuting the 
cells in X lying over any given cell in X. A family of cells in X is said to be 
fundamental if over each cell of X lies exactly one cell of this family. Every 
fundamental family of cells in X gives rise to an Euler structure on X: consider 
a spider in X formed by arcs in X connecting a point x G X to points in these 
cells; the arc joining i to a point of an odd-dimensional (resp. even-dimensional) 
cell should be oriented towards x (resp. out of x). Projecting this spider to X we 
obtain an Euler chain in X representing an clement of Eul(JT). It is clear that any 
Euler structure on X arises in this way from a fundamental family of cells in X. 
We fix a fundamental family of cells e in X corresponding to e G Eul(X) in this 
way. 

We orient and order the cells in the family e in an arbitrary way. This yields 
a basis for the cellular chain complex C*{X) = C*(X] Z) over Z[H]. Consider the 
induced basis in the chain complex over F 



where Z[H] acts on F via <p. If this based chain complex is acyclic, i.e., Hf(X) = 
H*{Cf {X)) = 0, then we can consider its torsion T{Cf{X)) G F\0. Since the cells 
of e are in bijective correspondence with the cells of X, the choosen orientation and 
order for the cells of e induce an orientation and an order for the cells of X. This 
yields a basis of the cellular chain complex C* (X; R) over R. Provide the homology 
of C*(X;R) with a basis determining the homology orientation lu. Consider the 
sign-refined torsion f(C*(X;R)) G R\{0} of the resulting based chain complex 
with based homology. We need only its sign ±1 denoted fo(C*(X; R)). Set 



It turns out that t v (X, e, u) G F does not depend on the auxiliary choices and is 
invariant under cellular subdivisions of X. We have 



T v {X,e,-uj) = -T v (X,e,uj) and t v (X, he, uu) = ip{h) t v (X, e, u) (4.2.o) 

for any e G Eul(X), h G H^X), 

We shall use the notation t v (X, e) for ±t v (X, e, u): 



Cf{X) = F® m] C*{X) 




f (a(X;R)) r{Ct{X)) G F\{0}, if Hf(X) = 0, 



^(X, e) = ±t v {X, e, w) = t v (X, e, ±w). 
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We will view t v {X, e) as an element of F denned up to multiplication by —1. 

The definition of r v (X, e,u>) extends by multiplicativity to the case of a non- 
connected finite CW space X. All the connected components of X should be 
homology oriented. Then the torsion corresponding to e 6 Eul(A) and a ring 
homomorphism ip : Z[Hi(X)\ — > F is defined as the product of the torsions of the 
components of X corresponding to the restrictions of e and ip. 

In Section 6 we shall need a version f v of t v which is always non-zero. Assume 
that the vector space Hf(X) is endowed with a basis b and set 

f(X, e, u>; b) = f (a(X; R)) f{C?{X),b) G F 

where fo(C*(X; R)) = ±1 is the same sign as above and f(Cf(X),b) is the torsion 
f of Cf(X) corresponding to the basis b in homology. The bases in the vector 
spaces of chains are determined by e as above. The torsion f v {X, e,u;b) does 
not depend on the auxiliary choices, never equals and is invariant under cellular 
subdivisions of X. If Hf{X) = then f^(X,e,uj;<D) = T^{X,e,u). 

4.3. Example. The 2-torus T = S 1 x S 1 has a canonical Euler structure, e^?", 
defined as follows. Set H = H\(T) — 7? . Consider the inclusion (i of the group 
ring Z[H] into its field of quotients Q(H). It is easy to check (using for instance 
a CW-decomposition of T consisting of one 0-cell, two 1-cells and one 2-cell) that 
the chain complex C*(T) is acyclic and for any e £ Eul(T), r A1 (T, e) = ±g e 
with g e E H. By (4. 2. a), g^e = hg e for all h G H. Therefore the formula 
e i ► g e establishes a bijection Eul(T) — ► H natural with respect to diffeomorphisms 
T -> T. The Euler structure e G Eul(T) with g e = 1 G H is denoted e!f n . This 
is the unique Euler structure on T invariant under all diffeomorphisms T — > T. 
Therefore under the identification Eul(T) = vect(T), e^ an corresponds to the class 
[w] described in Sect. 1.1. 

One can check using the CW-decomposition of T as above, that for any field F 
and any ring homomorphism p : Z[H\(T)] — > F such that ip(Hi(T)) ^ 1, we have 

T v (T,e c T an ) = ±1. (4.3.o) 

4.4. Gluing of combinatorial Euler structures. Let M be a compact 3- 
manifold whose boundary consists of tori. Let T C M\dM be a finite system of 
disjoint embedded 2-tori splitting M into two 3-manifolds Mo, Mi. We define a 
gluing map U : Eul(M ) x Eul(Mi) — ► Eul(M) as follows. Fix a CW-decomposition 
of M so that Mq,M\,T are its CW-subcomplexes. If £o,£i are Euler chains on 
Mo, Mi, respectively, then we set 

[&]U[£i] = Ko+£i-£]eEul(M) 

where ^ is an Euler chain on T representing the canonical Euler structure on each 
component of T, cf. Sect. 4.3. Note that £ + £i — £ 1S an Euler chain on M. 
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It is clear that the gluing operation U satisfies (1.5.b) where eo £ Eul(Mo),ei £ 
Eul(Mi). It can be deduced from definitions that the diagram 

Eul(M ) x Eul(Mi) — ^— » Eul(M) 

=1 1= 

vect(Mo) x vect(Mi) — ^— > vect(M) 

is commutative. 

4.5. Lemma. Let M, T, Mo, Mi be the same objects as in Sect. 4.4. Let F 
be a field and ip : Z[Hi(M)] — > F be a ring homomorphism such that for every 
component T' of T , we have <p(H 1 (T')) ^ 1. Let in, : ZL^M,)] Z[#i(M)] 
be the ring homomorphism induced by the inclusion homomorphism Hi{Mj) — ► 
i?i(M) where i = 0, 1. Then for any e £ Eul(M ), ei £ Eul(Mi), 

r^(M,e U ei ) -r^ ino (Mo,e ) r^ ini (Mi, d) £ F/{±1}. (4.5.o) 

Proof. Let us assume for simplicity that Mo, Mi are connected and T is a 2- 
torus; the general case is similar. Fix a CW-decomposition of M so that M , Mi, T 
are its CW-subcomplexes. Denote the inclusion homomorphism Z[H\(T)] — ► 
Z[i?i(M)] by in. We have the usual short exact sequence of chain complexes 

-> Cf m (T) -» C^ ino (M ) © C vini (Mx) -» Ct{M) -f 0. (4.5.6) 

The assumption ip(Hi(T)) ^ 1 implies that CT m (T) is acyclic. If Cf(M) is not 
acyclic then at least one of the complexes C vm ° (Mo), C vmi (Mi) is not acyclic 
and both sides of (4. 5. a) are equal to 0. Assume that Cf(M) is acyclic. Then all 
the complexes involved are acyclic and the torsions in (4. 5. a) are non-zero. 

We now describe the gluing of combinatorial Euler structures in terms of fun- 
damental families of cells. Let T, Mq, M\, M be the maximal abelian coverings of 
T, Mo, Mi, M, respectively. We have a commutative diagram of cellular maps 

Mo 

I 90 
M. 

Each of these maps is a lift of the corresponding inclusion and is equivariant with 
respect to the inclusion homomorphism in 1-homology. For instance, the map 
T — ► M is a lift of the inclusion T ^ M and is equivariant with respect to the 
inclusion homomorphism H\(T) — > H\{Mq). Choose a fundamental family of cells 
e in T representing e^ n . It is clear that /o(e) is a family of cells in M such that 
over each cell of T C M lies exactly one cell of this family. We can add to /o(e) 



T 

4 

Mi 
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a certain set eo of cells in Mo\fo(f) so that /o(e) U eo is a fundamental family of 
cells in Mq representing eo- Choose also a fundamental family of cells e"i in M\ 
representing e\. Then go(eo) U g\ (e"i) is a fundamental family of cells in M. It 
follows from definitions that this family represents eo U e\. 

The families of cells e, /o(e) U eo, e"i, and go(e~o) U g\(&\) determine bases 
in the chain complexes Cf in (T),C^ ini (Mi) with i = 0, 1, and CT(M), respec- 
tively. It follows from (4. 3. a) and definitions that the corresponding torsions 
are equal to ±1, T vin * {M u e^ with i = 0, 1 and T v (M,e U ei). These bases 
in Cy in (T),C vino (M ) © C vini (Mi), and Ct{M) are compatible in the sense of 
Sect. 2.2 (at least up to sign). Now, formula (2.2.c) implies (4. 5. a). 

4.6. Duality for torsions. One of the fundamental properties of the Reide- 
meister torsions is the duality due to Franz [Fr] and Milnor [Mil]. We state the 
duality theorem for torsions of Euler structures on 3-manifolds following [Tu4]. 
Let M be a compact orientable 3-manifold whose boundary consists of tori. Let 
F be a field with involuti on / i-> J : F -> F and ip : Z[i?i(M)] ->Fka ring 
homomorphism such that f{h) = ^(h^ 1 ) for any h € H\{M). Then for every 
e G vect(M) = Eul(M), 

t^(M, e) = t<" (M, e" 1 ) = ^(c(e))- 1 r v (M, e). (4.6.o) 

All torsions here are elements of F defined up to multiplication by —1. For closed 
3-manifolds formula (4. 6. a) is established in [Tu4], Appendix B. Here we use this 
result to prove (4. 6. a) in the case dM ^ 0. Denote by K the double of M obtained 
by gluing two copies of M along the identity homeomorphism of the boundaries. 
Clearly, if is a closed orientable 3-manifold. Let ip : Z[Hi(K)] — > Z[Hi(M)} be 
the ring homomorphism induced by the natural folding map K — > M which is the 
identity on both copies of M. The restrictions of iptp to both copies of M are equal 
to <p. Applying (4. 6. a) to the Euler structure e U e on K we obtain 

T^(K,el)e) = t^(K, (e U e)" 1 ) = t^(K, e" 1 U e" 1 ). 

By Lemma 4.5, 

T^{K,eUe) = (r^(M,e)) 2 , t^{K, e" 1 U e" 1 ) = (r v (M, e" 1 )) 2 . 

Thus, 

t*(M, e) = (^(M.e -1 )) 2 

and therefore t^(M, e) = r v (M, e" 1 ). 

In Appendix 3 we discuss a more precise version of duality taking into account 
homology orientations. 

5. The Torres formula for torsions 
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5.1. Lemma. Let E be a compact connected 3-manifold such that dE consists 
of tori. Let M be a 3-manifold obtained by gluing a directed solid torus Z to 
E and let h E Hi (M) be the homology class of the core of Z. Let F be a field 
and <f : Z[H\(E)] — > F be a ring homomorphism inducing a ring homomorphism 
ip M : Z[Hi(M)] — ► F. Then for any e 6 Eul(E) and any homology orientation uj 
ofE, 

T v (E,e,uj) = (f M (h) - 1) t vM (M, e M ,uj m ). (5.1.o) 

The condition on ip means that ip maps the homology class of the boundary of 
the meridional disc of Z to 1. Lemma 5.1 is a version of the Torres identity for the 
Alexander polynomials of links in S 3 . 

We prove Lemma 5.1 in Sect. 5.3 after a few preliminary computations. 

5.2. Solid torus re-examined. Let Z = S 1 x D 2 be a directed solid torus 
endowed with a CW-decomposition obtained from a certain CW-decomposition of 
dZ by adjoining two cells: a 2-cell a 2 = x x D 2 with x G S 1 and a 3-cell a 3 with 
interior x Int(D 2 ). Let Z = R x D 2 be the universal covering of Z with 
induced CW-decomposition. We shall exhibit a fundamental family of cells in Z 
representing the distinguished Euler structure ez on Z, cf. Sect. 1.4. 

Choose a fundamental family of cells in the maximal abelian covering of dZ 
representing eg| n S Eul(dZ), cf. Sect. 4.3. Projecting this family to dZ we obtain 
a family of cells, e, in dZ such that over each cell of dZ lies exactly one cell of e. 
We lift a 2 , a 3 to cells a 2 , a 3 of Z such that da 3 = ±(h - l)a 2 modulo 2-cells lying 
in dZ. Here h = hz € Hi(Z) is the distinguished generator. The family of cells 
e,a 2 ,a 3 in Z is fundamental and represents a certain Euler structure e G Eul(Z). 
We claim that e — ez- 

We need to check that c(e) = One possible proof consists in a combinato- 
rial computation of c(e) from a fundamental family of cells (or from an Euler chain) 
representing e. We shall use another approach based on (4. 6. a). Set H — i?i(Z) 
and consider the inclusion u, of the group ring Z[H] into its field of quotients Q(H). 
We claim that 

r' 1 (Z,e) = ±l/(/i-l). (5.2.a) 
This would imply the equality c(e) = hr 1 since by (4. 6. a), 

±c(e) = ±A»(c(e)) = t**(M, e) /r^(M,e) = ±(/i" 1 - l)/(/i - 1) = ±h^ 

where the overline denotes the involution in Q(H) sending each g <G H to g^ 1 . 
To prove (5. 2. a) we consider a short exact sequence of acyclic chain complexes 

o - cr n (az) - ^ (z) - cf (z, az) - o 

where in : Z[ffi(9Z)] — > Z[H] is the inclusion homomorphism. We orient and 
order the cells of e so that they determine a basis of C* m (<9Z). By (4. 3. a), we 
have r(Cr n (<9Z)) = T^ in (9Z,e^ n ) = ±1. The cells a 2 ,a 3 endowed with arbitrary 
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orientations yield a basis for C* (Z,dZ) = (Q(H)a 3 — > Q(H)a 2 ). The torsion of 
this chain complex is equal to ±(h — The family e, a 2 , a 3 determines a basis 

in C£(Z). By (2.2.c), 

r"(Z,e) = ±r(Cf(Z)) - ±r(Cr in (aZ)) r(C^ (Z, 0Z)) = ±(/i - l)" 1 . 

5.3. Proof of Lemma 5.1. We fix a CW-decomposition of E (such that dE 
is a subcomplex) and extend it to a CW-decomposition of M by adjoining two 
cells a 2 , a 3 C Z as in Sect. 5.2. Choose a fundamental family of cells in the 
maximal abelian covering of E representing e E F,u\(E). Projecting these cells 
to the maximal abelian covering, M, of M we obtain a family of cells, e, in M 
such that over each cell of E lies exactly one cell of e. We lift o 2 ,o 3 to cells 
a 2 , a 3 C M so that 9a 3 = ±(/i — 1) a 2 modulo 2-cells lying over dZ. It is clear that 
e, a 2 , a 3 is a fundamental family of cells in M. As in Sect. 4.5, one can deduce 
from the results of Sect. 5.2 that this family represents e M = e U ez- We orient 
and order the cells belonging to e in an arbitrary way. The cell a 2 is a meridional 
disc of Z, we orient it in an arbitrary way and lift this orientation to a 2 . The 
product orientation of Z = S 1 x a 2 induces orientations in o 3 and a 3 . With these 
orientations, da 3 = (h — 1) a 2 modulo 2-cells lying over dZ. 
Consider the chain complexes C, C C C and C" defined by 

C = C£{E), C = cf'(M), C" = C/C. (5.3.o) 

The family of cells e, a 2 , a 3 determines bases in C,C',C" in a compatible way. 
The non-zero part of C" amounts to the boundary homomorphism Fa 3 —> Fa 2 
sending a 3 to (f M (h) — 1) a 2 . Now we consider two cases. 

Case ip M (h) ^ 1. In this case C" is acyclic and t(C") = (tp M '(h) - l)" 1 . The 
complexes C and C are acyclic or not simultaneously. If they are not acyclic then 
both sides of (5.1. a) are equal to 0. Assume that they are acyclic. By (2.2.c), 

t(C) = (-1)^ C ' C V(C) t(C") = (-1)"( C > C 'V(C") ((^ M (M - (5.3.6) 

Consider the chain complexes c, c' C c and c" defined by 

c' = C.(£7;R), c = C„(M;R), c" = c/c' = C*(M,E;R). (5.3.c) 

The same ordered families of oriented cells as in the previous paragraph determine 
bases in c', c, c". We provide their homology with bases determining the homology 
orientations u, lj m , W(m,b)> respectively (cf. Sect. 3.2). By (2. 2. a), 

fo(c) = (-ir( c ' c ')fo(c')fo(c")ro(c'cc) 

where the subindcx indicates that we consider the signs of the corresponding 
torsions. Observe that v(c,c') = v(C,C) and by (3. 3. a), r (c' C c) = —1. The 
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non-trivial part of c" amounts to a zero boundary homomorphism Ra 3 — » Ra 2 . 
The oriented cells a 2 , a 3 determine a basis in H^ic'^) = H lf {M,E\'R) representing 
^(m.e)- Hence t (c") = 1, N(c") = 1, and 

f (c") = (-l) w ( c ")r ( C ") = -1. 

We conclude that 

f (c) = (-l)^ c ') fo (c'). 
Multiplying this by (5.3.b), we obtain 

t*(E, e, w) = fo(c') r(C') - (^ M (^) - 1) f (c) r(C) 

= (^ m (/j) - l)r^ M (M,e M ,^ M ). 

Case ip M (h) = 1. We need to show that T v {E,e,u) = or equivalently that 
Hf(E) ^ 0. Let us assume that H*(C) = Hf{E) = and look for a contradiction. 
It is clear that H^C") = F for i = 2,3 and H,(C") = for i ^ 2,3. The exact 
homology sequence of the pair (C, C) implies that H^C) = F for i = 2,3 and 
Hi{C) — for « 7^ 2,3. If <9M ^ then M collapses onto a 2-dimensional 
subcomplex which contradicts H%(C) = F. If M is closed then it has a CW- 
decomposition with only one 3-cell. For an appropriate choice of bases in C2, C3, 
the matrix of the boundary homomorphism C3 — > C2 is then a row [<p M (gi) — 
1, (p M (g m ) — 1] where gi,...,g m are the generators of H\(M) dual to the 2- 
cells. The equality H 3 (C) = F implies that <p M (gi) = ... = (fi M (g m ) = 1 so that 
ip M (Hi(Mj) = 1. However, in this case H (C) — F which is a contradiction. 

6. Additivity of torsions 

6.1. The setting. Let £ be a compact connected oriented 3-manifold such 
that dE consists of tori. Let T be a component of BE and a be an oriented 
non-contractible simple closed curve on T. Fix e = ±1. We can glue a solid 
torus Z to E along T so that a bounds a meridional disc in Z. The resulting 
3-manifold, M, depends only on a. The orientation of E extends to M. We make 
Z = M\E directed by first orienting its meridional disc, a 2 , so that da 2 = a in the 
oriented category and then orienting the core circle of Z so that the orientation 
in M restricted to Z is e times the product orientation. Thus, the manifold M is 
obtained from E by gluing a directed solid torus. We shall denote this manifold 
by ME, a ,e- Note that the manifolds Me,oi,±s have the same underlying manifold 
M and differ only by the structure of a directed solid torus on M\E. 

Fix a ring homomorphism (p from Z[Hi(E)] to a field F such that ip(H\(T)) = 
1. There is a (unique) ring homomorphism ip M : Z[Hi(M)] — > F whose composi- 
tion with the inclusion homomorphism Z[H\(E)] — > Z[Hi(M)] is equal to <p. 

6.2. Lemma. Let E, T, a,e,M — ME, a . e , F, ip, ip M be as in Sect. 6.1. Suppose 

M 

that Hf (M) = 0. Let E — > E be the regular covering of E corresponding to 
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the group Hi(E) n <£ _1 (1) C Hi{E). Then T lifts to a torus f C dE and a 
lifts to an oriented simple closed curve a on T such that their homology classes 
[a] G H?(E),[f] e H%(E) form a basis in Hf(E). (Here the orientation of 
T, T is induced by the one in E). For any homology orientation w of E and any 
e e Eul(£), 

[M,e M ,u M ) = -eT*{E,e,uu;[a],[f]). (6.2.a) 

Proof. We fix a CW-decomposition of E (such that a and T are subcomplexes) 
and extend it to a CW-decomposition of M by adjoining two cells a 2 , a 3 c Z as 
in Sect. 5.2. We can assume that da 2 — a. We orient a 2 so that da 2 = a in 
the oriented category. We provide a 3 with the orientation determined by the 
product orientation in Z. (This orientation in a 3 depends on e). Let e, a 2 , a 3 be a 
fundamental family of ordered oriented cells in the maximal abelian covering M 
of M constructed as in Sect. 5.3 and representing e M — eLi ez- 

Consider the chain complexes C,C',C" defined by (5. 3. a). We shall apply 
to them formula (2. 2. a). The family of cells e,a 2 ,a 3 defines compatible bases in 
C,C',C" in the usual way. The homology of C,C',C" are provided with bases 
as follows. By assumption, H*(C) = Hf (M) = 0. Since ip M {H 1 (Z)) = 1, the 
non-trivial part of C" amounts to a zero homomorphism Fa 3 — > Fa 2 . Hence 
Hi(C") = Fia 1 } for i = 2, 3. We fix the basis [a 2 ], [a 3 ] in H*(C"). Using the exact 
homology sequence of the pair (C, C) we obtain that Hi(C) = for i ^ 1, 2 and 
H t (C) = F[d~a l+1 ] for i = 1,2. We fix the basis [da 2 ], [da 3 ] in H*(C). A direct 
computation shows that f(C") = t(C C C) = — 1. Hence 

t{c) = t(c) = {-iy {c > c,) f{c')f(c")T{c' c c) 

= {-l)^ c ' c 'h(C';[da 2 ],[da 3 }) 

where we inserted [da 2 ], [da 3 ] to keep track of the fixed basis in H*(C) 
The same argument as in Section 5.3 shows that 

f (C*(M;R)) = (-l)^ c ' c ')f (a(£;R)) 

where the torsions are taken with respect to the bases of chains determined by 
e, a 2 , a 3 and bases in homology determining the homology orientations uj,uj m . 
Multiplying by (6.2.b) we obtain, 

t* M (M, e M , u M ) = f (C»(M; R)) r(C) 

= fb(a(S; R)) f (C; [da 2 ], [9a 3 ]) = r^(S, e, u;; [da 2 ], [da 3 ]). 

It remains to give an interpretation of [9a 2 ], [da 3 ] in terms of E. The complex 
C can be computed from E. Indeed, a natural projection from the maximal 
abelian covering E of E to E induces the equalities 

C = Cf(E) - F ® m , {E )] C*{E) = F ® Z [G] C.{E) 



(6.2.6) 
= Hf (E) . 
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where G = H\(E) / (H\(E) n = <p(Hi(E)) is the group of covering trans- 

formations of E. The assumption ip{H\(T)) = 1 implies that T lifts to a torus 
T C BE. We provide T with the orientation induced by the one on T C dE. Since 
the projection T — > T is a homeomorphism, the curve a lifts to a curve d on T. 
Then d and T represent certain homology classes [a] G Hf(E), [T] e 11% (E). 

The covering E ^ E extends to a covering M — > M with the same group of 
covering transformations G. The torus T bounds in M a solid torus, Z, projecting 
homeomorphically onto Z, and M = E U 9£ g gZ. There is a covering M — > M 
mapping a 2 onto a meridional disc of Z bounded by d and mapping a 3 onto a 
3-cell filling in Z. Then [9a 2 ] = [a] G Hf(E) and [d& 3 ] = [dZ] = -e [f] G H%(E). 
Therefore 

t vM (M, e M ,u> M ) = t v {E, e, u; [da\ [da 3 ]) = ~ £ T v (E,e,uj; [a], [f ]). 

6.3. Remark. The fact that the torsion t v (E, e, oj; [a], [T]) in Lemma 6.2 
does not depend on the choice of T follows directly from the obvious equality 

(E, e, uj;g[a],g[f])=T^(E,e,uj; [a], [f]) where g€ G = <p{H x (E)). 

6.4. Lemma. Let E be a compact 3-manifold such that dE consists of tori. 
Let T be a component of dE. Let F be a field and ip : Z[Hi(E)] — > F be a 
ring homomorphism such that ip(H\(T)) = 1. Let 01,02,03 be oriented non- 
contractible simple closed curves on T such that ot\ is homological to a 2 a 3 . Fix 
£1,^2, £3 — ±1 and set M t — Mf; iQr>£r for r = 1,2,3. Then for any e G Eul(E) 
and any homology orientation 10 of E, 

s 1 r^ Ml (M 1 ,e M \u; M ^ 

= s 2 r^ 2 (M 2 , e M > , uj m - ) + e 3 r^ 3 (M 3 , e M * , ) . (6.4.a) 

Proof. Let i? — > i? be the same covering of E as in Lemma 6.2 with group of 
covering transformations G = <p(H\(E)). Let T C £ be a lift of T and di, 02, 03 
be the lifts of 01,02,03 to T. Consider the elements [di], [02], [03] of Hf(E) = 
Hi(F ®z[G] C*(E)) represented by 01,02,0:3, respectively. The assumptions of 
the lemma imply that [di] = [d 2 ] + [d 3 ]. 

If all three torsions entering (6. 4. a) are equal to then (6.4. a) is obvious. 
Assume from now on that at least one of these three torsions is non-zero. Then 
the proof of Lemma 6.2 shows that Hf(E) = for i ^ 1,2 and Hf(E),H%(E) 
are 1-dimensional vector spaces over F. Moreover, H%(E) — F [T]. It is easy to 

see that [d r ] ^ iff Hf" r (M r ) = iff t* Mt (M r , e M - , u M -) ^ 0. By assumption, 
at least one of the classes [di], [02], [d 3 ] is non-zero. 

If all three classes [di], [02], [03] are non-zero then by Lemma 6.2 

e X T* M \M^e M \u M ^ = -r^(E,e,Lo; [a,], [f ]) 
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= -t*(E, e, w; [d 2 ], [f]) - t*(E, e, w; [& 3 ], [f ]) 
= e 2 r^ 2 (M 2 , e M2 , ^ ) + e 3 r^ 3 (M 3 , e Ms , ) 

where the second equality follows from the formula [di] = [012] + [d 3 ]. If = 
then [d 2 ] = -[d 3 ] ^ 0. Then t^ 1 (M 1 , e Ml , w Ml ) = and 

e 2 r^ 2 (M 2 ,e M2 ,^) = V(£,e, W ;[a 2 ],[f]) 

= ^(25, e, w; [d 3 ] , [T]) = -e 3 r^ 3 (M 3 , e M * , w "s ) 
which proves (6. 4. a). The cases where [612] = or [d 3 ] = are similar. 

7. The torsion r 

We discuss the "maximal abelian" torsion t introduced in [Tu2] , see also [Tu5] , 
[Tu7]. 

7.1. Algebraic preliminaries. For a unital commutative ring K we denote by 
Q(K) its classical ring of fractions, i.e., the localisation of K by the multiplicative 
system of all non-zerodivisors. The natural map K — > Q(K) is injective. 

For a finitely generated abelian group H, set Q(H) = Q(Z[H]) = Q(Q[H]). 
This commutative ring splits (uniquely) as a direct sum of fields. This is obvious 
in the case of finite H since then Q [H] is a finite sum of cyclotomic fields so that 
Q(H) = Q[H]. In the general case such a splitting comes from a splitting of H 
as a direct sum of Torsi? and the free abelian group G = if/Tors -ff. The ring 
Q[Torsii] splits as a sum of cyclotomic fields {K r } r . Hence 

Q[H] = (Q[Tors H])[G] = @K r [G}. 

r 

Each ring if r [G] is a domain and therefore 

Q(H) = ®F r (7.1.o) 

r 

where F r = Q(K r [G]) is the field effractions of AT r [G]. A useful fact: for any h G H 
of infinite order, the element h — 1 € Z[ii] is a non-zerodivisor and therefore is 
invertible in Q(H). 

One of the summands in (7.1. a) is the field Q(H /Tors H). The projection 
Q(H) — > Q(H /TorsH) is induced by the projection H — > H/TorsH . The inclusion 
Q(H/TorsH) ^ Q(H) maps 1 e Q{H/TorsH) into iTorsiil- 1 £ heTorsff /i. 

Consider an increasing filtration 

(Z[fl])o = Z[fl] C (Z[fl])i C (Z[fl]) 2 C ... C Q(H) (7.1.6) 
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where (Z[H])k is the set of q £ Q(H) such that for any hi, ...,hk £ H we have 
qY[i=i(hi ~ 1) *= Z[i?]. We shall need the following easy fact: any ring homo- 
morphism ip from Z[iJ] to a field F such that <£>(#) ^ 1 uniquely extends to a 
ring homomorphism tp# : L>k(Z[H])h — » F. If r&nkH > 2 then the filtration 
(7.1.b) is trivial, i.e., {Z[H]) k = Z[H] for all k (see [Tu5, Lemma 4.1.1]) and 
tp# = tp:Z[H]^F. 

7.2. Definition of r. Let X be a finite connected CW-space. Set = Hi(X) 
and denote by <p r the composition of the inclusion Z[H] <^-> Q(H) and the pro- 
jection Q(ff) — * F r on the r-th term in the splitting (7.1. a). By Sect. 4.2, 
for any e £ Eul(X) and any homology orientation of X, we have a torsion 
r^(X,e,w) £ F r . Set 

r(I,e, W ) = 0^(I,e, U ) £ 0F r = Q(F). 

r r 

This is a well defined clement of Q(H). For any h £ iJ, t(JT, /ie, w) = hr(X, e, u). 

7.3. The torsion t for 3-manifolds. We shall need three basic lemmas con- 
cerning the torsion r for 3-manifolds. 

7.3.1. Lemma. Let M be a compact connected orientable 3-manifold whose 
boundary is empty or consists of tori. Let e £ Eul(M) and u> be a homology 
orientation of M. Set H = Hi(M). If bi(M) > 2, then r(M,e,uj) £ Z[H}. If 
bi(M) = 1 and dM ^ 0, then r(M,e,w) £ {Z[H])i. Ifbi(M) = 1 and dM = 0, 
then r(M,e,u) £ (Z[i?]) 2 . 

Lemma 7.3.1 follows from the results of [Tu5, Section 4]. Although we shall 
not need it, note that the inclusion r(M,e,w) £ Q{H) can be improved also in 
the case &i(M) = 0: In this case r(M,e,w) £ |Tors/f| _1 Z[ff]. 

7.3.2. Lemma. Let under the conditions of Lemma 7.3.1, (p be a ring ho- 
momorphism from Z[H] to a held F such that <p{H) ^ 1 and charF = 0. Then 

Tf(M,e,(j) = <p#{T(M,e,Lj)). 

In the case r v (M, e,w) ^ this lemma is contained in [Tu7, Theorem 13.3] in 
a general setting of CW-spaces of any dimension. It remains only to show that if 
T v (M,e,uj) = 0, i.e., if Hf{M) ^ 0, then ^ # (r(M, e,w)) = 0. This easily follows 
from the computations in [Tu5, Sect. 4.1.2] and the assumption <p(H) ^ 1. 

7.3.3. Lemma. Let E be a compact connected orientable 3-manifold such that 
dE consists of tori and b\ (E) > 2. Let M be a 3-manifold with bi (M) > 1 obtained 
by gluing m directed solid tori to E and let hi,..., h m £ Hi(M) be the homology 
classes of the core circles of these solid tori. Let in : Z[Hi(E)] — > Z[Hi{M)\ be the 
inclusion homomorphism. Then for any e £ Eul(_E) and any homology orientation 



25 



u of E, 

m 

m(r(E, e, w)) = Y[{h t - 1) r(M, e M , w M ). (7.3.o) 

i=l 

Proof. Consider the splitting Q{H\(M)) = r -F r into a direct sum of fields. 
Denote the projection Q{H\(M)) — ► F r by p r . It suffices to prove that for all r, 

m 

Pr (m( T (E,e,oj))) = H( Pr (hi) - l)p r (r(M,e M ,a; M )). 

i=l 

Let /z be the inclusion Z[Hi(M)] Q(Hi(M)). Applying Lemmas 7.3.2 twice 
and Lemma 5.1 inductively to times we obtain that 

p r (m(T(E,e,u))) = {p r fim)(T(E,e,uj)) = (p r/ um) # ("r(.E,e,u;)) = T Pr ^ ln (E,e,u) 

m m 

= l[(Pr(h t ) - l)r^(M,e M , W M ) = Y[( Pr (h t ) - l) Pr {r{M,e M ,oj m )). 
i=l i=l 



8. The Alexander- Conway function and derived invariants 

8.1. The Alexander-Conway function. Let L = L\ U ... U i m be an 

ordered oriented link in an oriented 3-dimensional integral homology sphere N. 
The Alexander- Conway function Vl of i is a rational function on m variables 
f i, t m with integer coefficients. Considered up to sign, this function is equivalent 
to the m- variable Alexander polynomial of L. For links in 5 3 , the function Vl was 
introduced by Conway [Co] (see also [Ha]); it was extended to links in homology 
spheres in [Tu3]. We recall here the definition of Vl following [Tu3, Sect. 4]. 

Let E be the exterior of L. The group H = Hi(E) is a free abelian group with 
to meridional generators t\,...,t m . We have Z[H] = Z[tf 1 ,...,t^] (the ring of 
of Laurent polynomials) and Q(H) = Z(ii, ■■■,t m ) (the ring of rational functions 
on ti,...,t m with integer coefficients). Denote by \x the inclusion Z[H] Q{H). 
Choose any Euler structure e on E and set 

A e = A e (t u ...,t m ) =T»(E,e,uj L ) e Q(fl") = Z(t u ...,t m ). 

It is known (see for instance [Tu3, Sect. 1.7]) that A e = {—l) m t\ 1 ...t l ^A e where the 
overbar denotes the involution in Q(H) sending each U to t" 1 and (v\, v m ) £ Z m 
is a charge on L in the sense of Sect. 1.6. Then 

V L = -t\\..t v ™A e {t\,-,t 2 m ) e Z(h,...,t m ). (8.1.o) 

Clearly, Vl = (— l) m Vl. By (4. 2. a), Vl does not depend on the choice of e. 
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We introduce a version of Vl depending on a charge k = (k\, k m ) G Z m on 
L. Set 

v(L,fc) = -^/ 2 ..4r /2 v L (4 /2 ,...,^ 2 ). 

1/2 1/2 

Note that although the factors on the right-hand side can lie in Z(t{',...,t^), 
their product V(L, fc) belongs to Z(ii, i m ). We claim that 

V{L,k)=T{E,e k ,w L ). (8.1.6) 

Indeed, the splitting (7.1. a) consists here of only one summand and therefore 
T(E,e k ,uj L ) = T»(E,e k ,u L ) = A £k . By (4.6. a), 

t\ ■■■^m ~ ^A ek /A ek — ±c(e k ) 1 = ±tj 1 ...t m km 

so that z/j = — fcj for i = 1, m. Substituting this in (8.1. a) with e = e k we obtain 
a formula equivalent to (8.1.b). 

To end this subsection note that for m > 2 both Vl and V(L, fc) are Laurent 
polynomials, i.e., belong to Z^ 1 , i^ 1 ]. If m = 1 then Vl and W(L,k) are 
rational functions on t = t\ which can be computed from the Alexander polynomial 
of L = L\. Let Ai(f) G Z^* 1 ] be the Alexander polynomial of L normalized (and 
symmetrized) in the canonical way so that A^(i _1 ) = Ai(t) and A^(l) = 1. Then 

V L = (t-t- 1 )- 1 &L(t 2 ), V(L,k) = -^ k+1 ^ 2 (t-l)- 1 A L (t) (8.1.c) 

where fc = fci € Z is the charge of L. 

8.2. An invariant of sublinks. Let L = L\ U ... U L m be an m-componcnt 
ordered oriented link in an oriented 3-dimcnsional integral homology sphere N. 
Let L 1 — {Li}i e j be a sublink of L determined by a proper subset I C {1, ...,m}. 
In this subsection we associate with (L, L 1 ) an abelian group H — H(L, L 1 ). For 
any charge k on L (see Sect. 1.6), we define an element V(L, L 1 , fc) G Q{H). 

Set |/| = card(J). The group if = H{L,L l ) is defined as the quotient of the 
free (multiplicative) abelian group of rank m with generators t\,...,t m modulo the 
following |/| relations numerated by i G I: 

where the product goes over all j G {1, m}\{i}. The ring Z[H] can be identified 
with the ring of polynomials on m commuting invertible variables ti,...,t m subject 
to (8. 2. a). There is a group homomorphism from H to the infinite cyclic group 
sending t\, t m to the same generator. Therefore each tj has an infinite order in 
H and tj — 1 is a non-zerodivisor in Z[H] invertible in Q(H). Set 

V(L, L 1 , k) = (^\(ti - l)-^J V(L, k) G Q(H). (8.2.6) 
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Here V(L,k) is viewed as a rational function on t\, t m representing an element 
of Q(H). In particular, if I = 0, then V(L, L 1 , fc) = V(L, k). 

The group PT = P(P,P 7 ) and the element V(P,P 7 ,fc) e Q(-ff) can be com- 
puted from the linking numbers of the components of L and V(L, k). We give a 
geometric interpretation of H and V(i, L 7 , /c). Let E be the exterior of L in TV. 
Let P = P(L, L 1 ) be the 3-manifold obtained from E by gluing directed solid tori 
{Zi}i<=i such that the longitude of Li with i E I determined by the framing number 
—lk(L i} L\Li) — — J2j^i lk(Li, Lj) bounds a meridional disc in Zj. The core of Zj 
is oriented as in Sect. 1.7. The boundary of P consists of m — |7| > 1 tori cor- 
responding to the components of Identifying ti, ...,t m with the meridional 
generators of H\(E) we obtain an identification Pi(P) = H. We claim that 

V(L,L I ,k) = T (P,e£,u£) (8.2.c) 

where is the Euler structure on £7 determined by k, e P = {ek) p is the induced 
Euler structure on P (cf. Sect. 1.5-1.7), wi is the homology orientation of E 
determined by the orientation of L, and uj p = (ojl) P is the induced homology 
orientation on P (cf. Sect. 3.1, 3.2). Indeed, by (7. 3. a) and (8.1.b) 

(j\(ti - 1)^ r(P,e P ,u p ) = r(E,e k ,co L ) = V(P,fc). 

This and (8.2.b) yield (8.2.c). This interpretation of V(P,P 7 ,fc) implies that if 
rankPT > 2 then V(P,L J ,fc) G Z[H}. If rankP = 1 then V(L,L',k) e (Z[PT])i. 



9. A surgery formula for (^-torsions 

9.1. Setting and notation. Let M be a closed 3-manifold obtained by surgery 
on a framed oriented link L = L\ U ... U L TO in an oriented 3-dimensional integral 
homology sphere N. Let F be a field of characteristic 0. Fix a charge k of L and 
consider a ring homomorphism ip M : Z[Pi(M)] -> F such that <p M ' (H X {M)) ^ 
1. We shall give a surgery formula for the torsion (M, e^f,iv^) <E P where 
e kf = ( e fe) M ^ vect(M) is induced by the Euler structure on the exterior E of 
i and ujff = (ujl) M is the homology orientation of M induced by the homology 
orientation u>l of E (see Sect. 3.1). 

Recall the notation I = {1, ...,m}\I for a set I C {1, to}. Denote by ^(L) = 
(£fj(L)) the symmetric square matrix whose rows and columns are numerated by 
i, j G I and whose entries are given by 

£l _ f lk(Li,Lj), if ijtj, 

%1 ~ \ lk(Li, U) + lk(L h lJ) = lk(U, U) + J2 le7 lk(L h L t ), if i = j. 
Here lk(L il Li) is the framing number of Li. 
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Denote by <p the composition of ip M with the ring homomorphism Z[Hi (E)] — » 
Z[£fi(M)] induced by the inclusion E C M. Let ii, ...,i m e i?i(F) be the homol- 
ogy classes of the meridians of la, ...,L m . Set 

/(¥>) = {i | = l}c{l,...,m}. 

For any % e /(<p), the homomorphism ip maps the meridian ti and the longitude of 
Li to 1 e F. This implies that for a set J C {1, ...,m}, not contained in /(v), the 
formula {^ i— > y(^) G F}j £ / defines a ring homomorphism Z[#(L 7 , L /n/ ^))] F 
(cf. Sect. 8.2). It is denoted ip 1 . Recall the notation |/| = card(7). 



9.2. Theorem. Under the assumptions of Sect. 9.1, 

r^(M,ef,0 (9.2.a) 

I^(^)-l)- 1 ) E (-l) |J| det(^(L))4(V(L 7 ,L 7n ^),fc 7 )). 
V»e/(¥>) / /c/ (v) 



Formula (9. 2. a) allows to compute the t^-torsion of M in terms of the Alcxandcr- 
Conway polynomials of L and its sublinks, and the linking and framing num- 
bers of the components of L. A curious feature of this formula is a framing- 
charge separation: the factor det(£ / ) does not depend on the charge while the 
factor </?^(V(i / , L InI( - v \ k 1 )) does not depend on the framing. The product 
riie7(^)(v(*i) — depends neither on the charge nor on the framing. 

The terms on the right-hand side of (9. 2. a) corresponding to proper subsets 
I C I((p) can be slightly simplified. Observe that 

rankff(L 7 ,L 7nJ M) > |J\/(^)| = \W)\ + I'M VI- 

The assumption <p{H\(E)) ^ 1 implies that |/(y)| > 1. Therefore for a proper 
subset I C I(ip) we have rankH(L T , L lnI( -^) > 2 and 

p 7 # (V(L 7 , L 7nI ^\k 7 )) = <p J (V(L 7 , L 7nI ^\k 7 )). 
The term corresponding to I = I{ip) equals 

Y[ (<p(U) - lr^-l) 1 ^ 1 det(^(L)) ip^iViL 1 ^, k 7 ^)). 

We can replace here by tp 1 ^ provided \I{tp)\ > 2. 

If I(ip) = 0, i.e., if ip(U) ^ 1 for all i = 1, ...,m, then (9. 2. a) simplifies to 

m 

r^ M (M,ef,o;f) = n(^)-irV#(V(i,fc)). (9.2.6) 

i=i 
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This can be obtained by applying (5.1. a) m times followed by Lemma 7.3.2 and 
(8.1.b): 

m 

T* M (M,ef,uf) = H^(U) - I^t^E^wl) 

i=l 

m m 

= Y[(<p{ti) - l)- 1 <p#(r{E, e k ,w L )) = Y[(<p(ti) - I)" 1 V#(V(L, k)). 
i=i i=i 

Proof of Theorem 9.2. The proof goes by induction on to. If to = 1 then 
I(<p) = and (9. 2. a) reduces to (9.2.b) proven above. Assume that for links with 
< to components, Theorem 9.2 is true and prove it for a link L with to components. 

Consider first the case where for any i £ 1(f) the framing number lk(Li,Li) 
is equal to — X)z^i lk(Li, L{) (the framing numbers of {Li | i G I(ifi)} may be arbi- 
trary). Then for any non-void set I C I{<p), the sum of the columns of the matrix 
I 1 is so that det(f (L)) = 0. Thus, the right-hand side of (9. 2. a) contains only 
one possibly non-zero term corresponding to / = 0. By (8.2.c), this term equals 

n_(¥>(*i) - l)" 1 lMV(£, k)) = n_(v(*i) - I)" 1 Mr(P, 

i€l(<p) *€/(¥>) 

where P = P(L, L 1 ^) is the 3-manifold defined as in Sect. 8.2 and %p = ip® is the 
ring homomorphism Z[Pi(P)] = Z[H(L, L 1 ^)] -> P induced by p. By Lemma 
7.3.2, 

n_(¥>(*i) - l)-^#(r(Pef = n_(^(*0 - l)" 1 ^ 

»€/(*>) *e/(v) 

The manifold M can be obtained from P by gluing directed solid tori corresponding 
to the components of L 1 ^. Applying (5.1. a) inductively and using Lemma 3.3, 
we obtain 

n_K*i) - l)- 1 ^,^) = ^ M (M,(en M ,(^) M ) = r- M (M,ef 

This yields (9. 2. a) in this case. 

Up to the rest of the proof, we denote the left (resp. right) hand side of (9. 2. a) 
by (L, ip, k)i (resp. (L, ip, k) 2 ). We claim that for a framed link V obtained from 
L by one negative twist of the framing of a component of L 1 ^ C L, 

(L, ip, k) 1 - (L, ip, k) 2 = (L', ip, fc)i - (L', <p, k) 2 . (9.2.c) 

Hence, formula (9. 2. a) holds for L if and only if it holds for L'. Together with the 
result of the previous paragraph this will imply the claim of the theorem. 



30 



Now we check (9.2.c). Assume for concreteness that m G I(<p) and that V = 
L\ U ... U L TO _i U L' m is obtained from L by one negative twist of the framing 
of L m . Consider the closed 3-manifold, W, obtained by surgery on A along the 
framed link L m = L\ U ... U £ m -i. The framed oriented knots L m , L' m lie in W 
and differ only by the framing. These knots have the same exterior in W, which 
we denote by V. It is clear that dV is a 2-torus bounding a regular neighborhood 
of L m in W which can be identified with a regular neighborhood of L m in A. Let 
ai C dV (resp. a.i C dV) be a longitude of L m (resp. of L' m ) determined by the 
framing. Let C dV be a meridian of L m . By assumption, ct\ is homological 
to a 2 a 3 in dV. In the notation of Sect. 6.1 we have M = Mv, ai ,-i (the sign 
— 1 appears because the orientation of M induced from the one in A is opposite 
to the product orientation in the directed solid torus M\V; see Sect. 1.7 and 
6.1 for the distinguished orientations of the core and meridional disc). Set M' = 
Mv,a 2 ,-i- Observe that Mv,a 3 ,+i = W. As in Sect. 1.7, the manifold V is obtained 
from the exterior E of L by gluing m — 1 directed solid tori. Set e = (e^) y G 
vect(V / ) and provide V with homology orientation u> = (ojl) v . Denote by tp v 
the ring homomorphism Z[i?i(V)] — ► F induced by ip; this homomorphism is the 
composition of the inclusion homomorphism Z[iii(V)] — ► Z[H\(M)] with ip M . By 
Lemma 6.4, 

T (^) M (M) W M } = r (^)«' (M , } e M' ) W M' } _ r (^)^ e W (9 . 2-d) 

By definition of we have ((p v ) M — f M ■ By definition of e^f , we have e M = . 
By Lemma 3.3, uo M = ((w L ) y ) M = . Thus the left-hand side of (9.2.d) equals 
(L, <p,k)i. The manifold M' is obtained by surgery on N along L' and similarly 

T^ V ) M '(M',e M ',uj M ') = (L', l p, k)L 

Consider now the exterior E m of L m = L\ U ... U L m -\ in A, the ring homomor- 
phism V : Z[i?i(i?' n )] — > F induced by ip, the charge k m on L m induced by k as 
in Sect. 1.6 and the homology orientation uj l — of E m nduced by the orientation 
of L m . We claim that 

T^ V)W {W,e w ,u w ) = (L™, ip, k™)i. (9.2.e) 

Indeed, the manifold W is obtained by surgery on A along L m and hence by gluing 
directed solid tori to E m . It follows from definitions that {f V ) w — ip w (both 
homomorphisms map a meridional generator ti G H\(W) with i = 1, ...,m — 1 to 
t^(ti)). The remarks of Sect. 1.6 imply that (e fc — ) w = ((ek) v ) w = e w . Lemmas 
3.3 and 3.4 imply that (lo l -) w = {(uj l ) V ) W = u w . Hence 

r^ W (W,e w ,w w ) =T* W (W,(e k ^) w ,(oj L ^) w ) = (L™, ip, k w )i. 
Now formula (9.2.d) can be rewritten as 

(L,^,^ - (L', ip, k)i = -(L™,ip,k w )i. (9.2.e) 
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We claim that similarly 

(L, <p, k) 2 - (L 1 , <p, k) 2 = —(L™, 4,, k w ) 2 . (9.2./) 

Indeed, it is clear that I(ip) = I(tp)\{m} so that the complement of I(ip) in 
{ 1 , . . . , m} coincides with the complement of 7(^i>) in {1, . .. , m— 1}. Hence the factors 
n ie j7p\(v : >(ti) — which appear in the three terms of (9.2.f) are identically 
the same. For a set 7 C 1(f) not containing m, the corresponding summands 
in (7, (p, k) 2 , (7', (p, k) 2 do not depend on the framing of the m-th component 
and therefore are equal. Consider the summand on the right-hand side of (9. 2. a) 
corresponding to a set 7 C I (if) containing to. The matrices £ T (L) and I 1 (L') 
coincide except at the (TO,TO,)-cntry where ^ TO (L) = if n , m (L') + 1. It is easy to 
see that 

detf/(L)) - det(^ 7 (7')) - det{£ J (L w )) 

where J = J/ = 7\{to} C I(ip)- The determinant det(£ J (L m )) is exactly the 
determinant appearing in {L m ,tp,k m ) 2 in the summand corresponding to J. The 
factor ^){ t (V(L / , L /n/ ^', k 1 )) is the same for both links L,L' and is equal to 
7/;|(V((L™) J ,(i™) Jn/ W,(fc™) J )) where J = {l,...,m- 1}\J = I. Clearly, 
(— I)' 7 = — (— 1)I J L Since the formula I i— > Jj = 7\{to} establishes a bijective 
correspondence between sets 7 C 7(</?) containing to and subsets of I(ip), these 
equalities yield (9.2.f). Formulas (9.2.e), (9.2.f) and the induction assumption 
(7™,V,fc™)i = (L w ,tp,k w } 2 imply (9.2.c). This accomplishes the proof of the 
theorem. 



10. A surgery formula for the Alexander polynomial 

10.1. The refined Alexander polynomial. Let M be a closed connected 
3-manifold with h(M) > 1. Set G = H 1 (M)/TotsH 1 (M). The Alexander poly- 
nomial A(M) of tt\(M) is defined using a finite presentation of tt\(M) and the 
Fox differential calculus (see [CF]). This polynomial is an element of the group 
ring Z[G] defined up to multiplication by ±G. The theory of torsions allows 
to introduce a refinement A(M,e,u) of A(M) depending on an Eulcr struc- 
ture e G vect(M) and a homology orientation u> of M. We define A(M, e,w) 
as follows. Denote by Q(G) the field of fractions of the domain Z[G]. Denote 
by \x the composition of the projection Z[77i(M)] — > Z[G] with the inclusion 
Z[G] 0(G). Set A(M,e,w) = r"(M,e,w) £ 0(G). It follows from [Tul] 
that A(M, e,w) is a refinement of A(M) in the following sense. If b\(M) > 2 
then A(M,e,w) £ Z[G] and A(M) = ±GA(M,e,w). If &i(M) = 1 and M 
is orientable then A(M,e,u>) E (t — 1) _2 Z[G] for any generator t of G and 
A(M) = ±G(t - l) 2 A(M,e,u). A similar formula holds for non-orientable M 
(see [Tul]) but we shall not need it. 

10.2. Theorem (a surgery formula for A(M, e,w)). Let M be a closed 
3-manifold with b\(M) > 1 obtained by surgery on a framed oriented link L = 
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L\ U ... U L m in an oriented 3-dimcnsional integral homology sphere N. Let k = 
(ki,...,k m ) he a charge on L. Let [[h]], ...,[[t m ]] G G = JJi (M) /TorsJJi (M) be 
represented by the meridians of L\, L m , respectively. Set 

I = {*|[[ti]] = l}c{l,...,m}. (10.2.a) 

Then 

A(M,ef,cf) (10.2.6) 

= - E det(^(L))4(V(L 7 ,i 7nIo ,fc 7 )) 

ieTo Icl « 

where n 1 ^ : (Z[JJ(L 7 , L /n/o )])i — > Q(G) is tie natural extension of the ring ho- 

momorphism n 7 : Z[H(L 7 , l7 nI °)] -> Z[G] sending the generator of H(L T , l7 nI ° ) 
represented by the meridian of Li to [[*,•]] G G, for aJi i S /. 

Formula (10. 2. b) is obtained by a direct application of Theorem 9.2 to the ring 
homomorphism /j, defined in Sect. 10.1. Note that all [[ij]] — 1 G Z[G] with i G Jo 
are non-zero and therefore invertiblc in Q(G). We have 

rank JJ(j/,L 7n/ °) > |7\(7 D 7" )| = to - |J | > &i(M) > 1. (10. 2. c) 

Hence V (L 7 , L 7nI ° , k 7 ) G (Z[JJ(L 7 , L 7n/ °)])i and (10.2.b) makes sense. 

If to- |J | > 2, then V(L 7 ,L 7n/ °,fc 7 ) G Z[H(L 7 , L 7n/ °)], and (10.2.b) can be 
rewritten in a slightly simpler form: 

A(M,ef,u;f) (10.2.d) 

= nw-ir 1 E(- i ) |/idct ^( i ))^ T (v(i T ^ 7n/o ^ 7 )). 

This applies in particular if b\(M) > 2. 

If to — | Jo | = 1 then it may happen that rank H (L 1 , L InI " ) = 1. In this case 
we do need fj,L. We shall see now that this can happen for only one entry, namely 
the one corresponding to I = Jo. We begin with a lemma which will be proven in 
Sect. 10.5. 

10.3. Lemma. Assume that J consists of all i = 1, ...,m except a certain n. 
Then the framing number of L n is and lk(L n , Li) — for all i ^ n. For sets 
I C J C J , we have rank JJ(L 7 , L 7nJ ) = 1 if and only if I = J = J . 

Using this lemma we can reformulate (10. 2. b) in the case Jo = {1, ...,m}\{n}. 
Set t = [[t n ]] G G. By assumption, t ^ 1 and therefore t — 1 is invertiblc in Q(G). 
It follows from Theorem 10.2, Lemma 10.3, and (8.1.c) that 

A(M,ef, W f) = (t-l)- 1 E (-l) m det(^(L)) M 7 (V(L 7 ,L 7n \£: 7 )) 
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+ (-l) m det(^°(L)) t( fe "+i)/ 2 (t- iy 2 A Ln (t) (10.2.e) 



where A^ n is the canonically normalized Alexander polynomial of L n (see Sect. 
8.1) and AL n (t) G Z[G] is obtained by computing Ai n on t. By definition of a 
charge, the integer k n + 1 = k n + 1 — lk(L n , L\L n ) is even. 

10.4. Special cases. We describe two cases where (10. 2. b) simplifies. If 
m > 2 and all [[ti]], [[t m ]] are non-trivial elements of G then I = and the 
sum on the right-hand side of (10. 2. b) has only one term. We obtain 

A(M,ef,o;f) = n([N]-l)- 1 [[V(L,fc)]] 

where for a Laurent polynomial V G Z^ 1 , i^ 1 ] we denote by [[V]] the element 
of Z[G] obtained from V by the substitution ti i— > [[^]] G G for i = 1, m. 

Consider now the case where L = L\ U ... U L TO C TV is an algebraically split 
link. This means that lk(Li, Lj) = for all i ^ j where Ik is the linking number 
in N. A charge k — (ki, k m ) on L is just an m-tuplc of odd integers. It follows 
easily from the Torres formula (5.1. a) and definitions that the Laurent polynomial 
V(L, k) is divisible by UZA^ ~ x ) in ->*m]- Set 

m 

V(L,fc) = V(L,fc)/ JJ(ti - 1) G Z[tf\...,t^]. 

i=l 

Let M be a 3-manifold obtained by surgery along L endowed with certain framing 
numbers /i, ...,/ m G Z. The set 7 defined by (10. 2. a) is computed by I = {i = 
l,...,m\fi ^ 0}. Clearly, 6i(M) = m- |7 |- If &i(M) > 2 then (10.2.d) implies 

A(M,ef ,<) = ^ (-l)l'l IJ/< [[V(L 7 , fc 7 )]]. 
/do *e/ 

1 then I consists of all i = 1, ...,m except a certain n and (10. 2. e) 
A(M,ef, W f)= ^ (-l) |J| n/'[^ 7 .* 7 )]] 

ICloJ^Io iei 

+ (-ir(II^) t(kn+1)/2 (t-l)- 2 A Ln (t) 

where t = [[t n ]] G G. In particular, if L is a knot with framing number and 
charge k G Z then A(M,ef ,wf ) = -*( fc + 1 )/ 2 (i - 1)~ 2 A L (i). 

10.5. Proof of Lemma 10.3. By assumption, [ti] G Tors#i(M) for all 
i 7^ n and [t n ] G H\{M) is an element of infinite order. Therefore the group 
Hi(M)/{[ti] = 1 | i ^ n} is infinite. Since (lk(L i} Lj))ij is a presentation matrix 



If h{M) = 
implies 
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for Hi(M) with respect to the generators [ti], [t m ], this implies that lk(L n , Li) = 

for all i. If I = J = 7 then H (L T , L 7nJ ) = H(L n , 0) = Z. Conversely, assume 
that 7 C J C 7 and rank77(7 J , 7 /nJ ) = 1. The group 77(7', 7 /nJ ) is generated 
by {ti} ie 7 modulo the relations 

IJ(*i*r 1 ) ,fc(i<,Lr) = 1 

iel 

numerated by r G In J. By the first part of the claim, these relations do not involve 
the generator t n . Hence H^L 1 , L InJ ) splits as a product of the infinite cyclic group 
generated by t n and a group 77' generated by U with i G I\{n} = 7 \7. If 7 ^ 7o 
then there is an epimorphism 77' — ► Z sending all ij with i G 7o\7 to 1. Then 
rank 77(7/, L InJ ) = rank 77' + 1 > 2 which contradicts our assumptions. Thus, 

1 = Iq and therefore also J = lo- 



ll. A surgery formula for r(M) in the case &i(M) > 1 

11.1. Setting and notation. Let M be a closed 3-manifold obtained by surgery 
on a framed oriented link L — L\ U ... U 7 m in an oriented 3-dimensional integral 
homology sphere N. Let fc = (fci, k m ) be a charge on 7. Set 77 = H\(M). We 
shall need the following notation. 

For any a G Q(H) we define the reduced inverse a~^ d as follows. Recall that 
Q{H) splits as a direct sum of fields, Q{H) — ® r F r . There is a unique expansion 

a = J2r ar Wrfcn ar ^ ^ ^ 0r aU r - Set = Xra^O / 1 wnere a r 1 S I s 

the inverse of a r in F r . Clearly, if a is invertible in Q(H) then = a -1 . The 
reduced inverse is defined for all elements of Q(H). For instance, 0^ = 0. If t is 
an element of 77 of infinite order then (t — = (f — If i is an element of 

77 of finite order n > 1 then a simple computation shows that 

, 1 _ 1 + 2t + 3t 2 + ... + nt"- 1 n + 1 I + f + .-.+t"' 1 

V* ^rcd — ~ o ' ~ 



_ (1 - n) + (3 - n)i + (5 - n)t 2 + ... + (n - l)*™" 1 
_ 2^ ' 

Let [ti], [t m ] G 77 = Hi(M) be represented by the meridians of 7i, ...,7 
respectively. Set 

J = {*|[ti]eTbraff}c{l,...,m} 

(this is equivalent to (10. 2. a)). For any sets 7 C J C 7 we define an additive 
homomorphism from Z[77(7 / , 7 /nJ )] to Q[77] called transfer. The image of a G 
Z[i7(7 7 , L InJ )] under the transfer is denoted a tr . By additivity, it suffices to define 
a tr for a G 77(7 T , L lnJ ). Consider the group 77./ = H/{[tj] = 1 \j G J}. Let p be 
the projection 77 — > 77,/. Sending each ti with z G 7 to p([ti}) G 77j, we obtain 
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a group homomorphism, q : i/(L / ,L /nJ ) — ► Hj. For a G H (L 1 , L InJ ) we set 
fl tr _ |Kerp| _1 X)/ie P -i(j(a) ^ ^ Q[-ff] where |Kcrp| = card(Kcrp) and the addition 
on the right-hand side is the one in the group ring Q[i?]. The sum on the right- 
hand side is finite: the inclusion J C Jo ensures that Kerp is finite. The transfer 
Z[i?(_L 7 , L InJ )] — > Q[H] is multiplicative but in general not a ring homomorphism 
since l tr = IKerpl-^eKerjA 

We give now a surgery formula for r(M, ejf,oj^) in the case b\(M) > 1, see 
Appendix 1 for the case 61 (M) = 0. 

11.2. Theorem. If m - \I \ > 2, then 

r(M,ef,0 (11.2. a ) 
= E (-l) |/| det(^(L))n(M-l) r -ed(V(i 7 ,i 7nJ ,fc 7 )) tr . 

/CJC/o ie J 

If Iq consists of all i — 1, m except a certain n, then 

r(M,ef,0 (11.2.6) 

= E (-l) |J| det(^(L)) IJ(M - l)7cd(V(i T £ 7nJ ,fc 7 )) tr 
/c./c/oJ#/o ie j 

+(-i) m ( E /.)N (fe " +1)/2 (W-i)- 2 A L „(N) 

1 1 heTorsH 

where A £ n is the canonically normalized Alexander polynomial of L n (see Sect. 
8.1) and ([£„]) g Z[if] is obtained by computing A^„ on [<„]. 



Proof. Consider first the case m — > 2. The sum on the right-hand side 
of (11. 2. a) goes over all subsets I, J of I such that I C J. By (10. 2. c), we have 
rankff(L_ 7 £ 7n _ 7 ) > 2 so that V(L 7 , L lnJ , k J ) e Z[H(L 7 , L lnJ )} and its transfer 
(\7{L I ,L InJ 1 k 1 ))* 1 is a well defined element of Q[H] CQ(H). 

Denote by (p r the composition of the inclusion Z[H] <—* Q(H) and the projection 
Q{H) — > F r on the r-th term in the splitting Q(H) = @ r F r . Set 

I r =I(ifir) = = !} c {1> ■■■>"*} 

and r r = r Vr (M, ej^wj-f) £ F r . Note that J r C I for all r and therefore |7 r | > 
|7 | > 2. For I C J C I , set </? 7 = (ip r ) T : Z[H(L J , L lnJ )] -> F r (cf. Sect. 9.1). 
We have 

T(M, e £Vf) = 5> 

r 
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= J2 (-l) m det(^(L))n(W-l) r -ed E ^{L 7 ,L lnJ ,k 7 )) 

ICJGla ie j rj=l r 

= Yl (-l) m det(^(L))n(W-l) r -ed E ^(V(L 7 L 7nJ ,fc 7 )). 

IdJdla jgj i\.TCI r 

Here the first equality is the definition of r(M, e^f , uj^f ). The second equality 
follows from Theorem 9.2. The third equality is a tautology (the projections of 
both sides to each F r are equal). The fourth equality follows from the fact that 
the terms on the right-hand side corresponding to proper subsets J C I r are equal 
to 0. Indeed for i G I r \J, the projection of [ti] — 1 and hence of ([ti] — l)~ d to F r 
is equal to 0. Therefore ([ti] — l)~jlm(<^) = 0. The theorem now follows from 
the next claim. 

Claim. For any sets / C J C I and any a G Z[H(L T , L lnJ )], 

E Vr(o)=O tr - 
r\JCl r 



Proof. By additivity, it suffices to consider the case where a G H^ 1 , L InJ ). 
Let -£T = Hi(M) and Hj,p, q be the same objects as in Sect. 11.1. Since Kerp is a 
subgroup of Tors H , the epimorphism p extends to a ring epimorphism p : Q(H) — > 
Q(Hj). Moreover, the splitting of Q(Hj) into a direct sum of fields is obtained 
from the splitting of Q{H) by quoticnting out all F r such that <p r (Kerp) ^ 1. 
Note that ip r (Kerp) = 1 if and only if J C I r . Thus 

Q(Hj) = F r = F r . 

r,i,3 r (Korp) = l r,JCl r 

For each r such that J C I r , the composition of p : Q(-ff) — ► Q(Hj) with the 
projection : Q(Hj) — > F r is equal to the projection Q(H) — ► F r . 
The identity ^ r ip r (/i) = /i for all h £ H implies that 

a^lKerpI" 1 E = IKerpI" 1 ^> r ( ]T ft). 

/i£p- 1 g(a) I" hep- 1 q(a) 

Observe that if yv(Kerp) ^ 1 then fr(J2hep- 1 q(a) h) = 0- Therefore 
^^iKerpI" 1 ^ <p T ( h ) 

r,yy(Kerp)=l h^p~ 1 q(a) 

= \Kcrp\- 1 ]T E h ) = E ^(«(a)) = E Pr(a) 

r,JCi"r /i£p- 1 g(a) r,,/C/ r r,JCI r 
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where the last formula follows from the definition of Lp\. = (fr) 1 ■ 

The proof of (11. 2. b) is similar with a separate analysis of the term correspond- 
ing to I = J = Iq using Lemma 10.3. 

11.3. Remarks. 1. It follows from Lemma 10.3 that dct(£ Io (L))/\TorsH\ = ±1 
in (11. 2. b). This sign will also appear in Appendix 2. 

2. As an exercise, the reader may deduce Theorem 10.2 from Theorem 11.2. 
Hint: use the fact that A(M, ef , uff) is the image of r(M,ef,ujff) under the 
projection Q(H) — > Q(H/ToisH) and that all summands corresponding to J ^ Iq 
are annihilated by this projection. 

11.4. Special cases. We discuss two special cases of Theorem 11.2. We use the 
notation of Sect. 11.1. For a Laurent polynomial V G Zfi* 1 , i^j 1 ], we denote by 
[V] the element of Z[H] obtained from V by the substitution ti t— > [t f ] G H where 
z = l, ...,m. Here is the simplest case of (11. 2. a): if all [t\], [t m ] have infinite 
order in H then Iq = and (11. 2. a) yields 

m 

r(M, ef , O = JJ([ti] - l)- 1 [V(L, fc)]. (11.4.a) 

i=l 

Consider now the case where L is algebraically split. Let fi G Z be the framing 
number of L, for i = 1, ...,m. For i G Jo = {* = l,---,^|/i 7^ 0}, the element 
[U] G if has order = sign(/j)/ i where sign(/ i ) = ±1 is the sign of Set 

Si = sign(/,)(l + [U] + [U] 2 + ... + [tip'- 1 ) G Z[if]. 

Assume first that 61 (M) = m — |fo| > 2. As we show below, formula (11. 2. a) can 
be rewritten in this case as follows: 

r(M,ef,<)= £ (-l)l'l(n*)F(£ 7 ,* 7 )]. (H-4.6) 

Here A: 7 is just the restriction of fc to L 1 = U ie jLi. The assumption 61 (M) > 2 
ensures that 2/ has > 2 components for any I C Jo so that V(i/, A: 7 ) is a Laurent 
polynomial on {£j} ie j and [V(i/ , k 1 )] is a well defined element of Z[if]. The sum 
on the right-hand side of (11. 4. b) contains a term corresponding to I — and equal 
to [V(i, fc)]. The other terms correspond to proper sublinks of L. For instance, 
if /; = for all i then I = and we obtain a formula r(M, ef , wf ) = [V(i, fc)] 
equivalent to (11. 4. a). If Iq has only one element i then (11. 4. b) gives 

r(M, ef , O = [V(L, k)] - 8i [V(L\ k 1 )] 
where i = {1, ...,m}\i. If Jo has two elements i, j then (11. 4. b) gives 

r(M, ef , <) = [V(L, fc)] - [V(L 7 , fc 1 )] - Sj [V(i/, F)] + s iSj [V(i^, fc{*^>)]. 
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Let us deduce (11. 4. b) from (11. 2. a). Observe that for I C J C Iq, 

det(e I (L)) = l[f l . 

It follows from definitions that \7(L 7 ,L 7nJ ,k 7 ) = U, iel (ti - 1) V(L 7 ,k 7 ). Hence 
{V{L 7 ,L InJ ,k 7 )r = Y[aj Y[([U] 1) [V(iV)] 

where 

^ = \fj\-\l + H + ■■■ + [tj]™- 1 ) = fj\- (H.4.C) 
Formula (11. 2. a) yields then 

r(M,ef,0 (11.4.d) 

= e n * ri([*i] - n ^ ri(M - *) ^ 7 , ^i. 

icJdo iei ie j jeJ ie j 

Observe that for i G 7 , we have ([*<] - l)^([*i] - 1) = ([ti] - - 1) = 1. 

If 2 € To then ([tj] — l)~ d ([tj] — 1) = 1 — a%- both sides are mapped to by any 
character of Torsi? mapping ti to 1 and are mapped to 1 by all other characters 
of Torsil. Therefore the right-hand side of (11. 4. d) can be rewritten as 

e (-i) m n*n*i n (i-oivocV)] 

icJdo iei jeJ iei \j 

= E(- i ) m n^( e n ( i - ff «))^ 7 .* 7 )]. 

ici iei JjcJdo jeJ iei \J 

The sum over J obviously equals to <Ji- Therefore 

ido iei iei 

Substituting <7j = f^ 1 Si we obtain (11. 4. b). 

Assume now that L is algebraically split and b\(M) = m — \Iq\ = 1. Let n be 
the only element of Jo. Then (11. 2. b) can be similarly rewritten as follows: 

ICla-I^Ia iei 

+(-ir ( n *) ^] (fc - +i)/2 (w - 1)" 2 aljm). 

i€J 
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12. A surgery formula for the Seiberg-Witten invariants of 3-manifolds 

12.1. Torsion versus SW-invariants. Let M be a closed, connected, ori- 
ented 3-manifold with homology orientation uj. Set H = Hi{M). Assume first 
that 61 (M) > 2. The Seiberg-Witten invariant of M is a Z-valucd function e 1— ► 
SW(e,iv) on vect(M), see for instance [MT]. This function has a finite support. 
Note that usually one considers the SW-invariants of S*pm c -structures on M; by 
[Tu5], the set of Spm c -structures on M can be identified with vect(M) = Eul(M). 
The SW-invariant is computed from the torsion r as follows. Every element 
a G Z[i7] expands uniquely as a finite sum ~^2 heH a-hfa with G Z. By [Tu6] 
(see also Appenidx 3), r(M, e,u>) G Z[H] for any e G vect(M) and 

SW(e, u>) = ±(r(M, e, u>))i G Z (12.1. a) 

where 1 is the neutral element of H and the sign ± does not depend on e. Together 
with (11. 2. a) this implies the following formula for ±SW(e^f ,ojff) in the setting 
of Sect. 11.1: 

±SW(ef^)= £ (-l)l'ldet(^(L)) ( - 1)^ (V(L 7 , L 1 ™ , fc 7 )) tr J 

/CJC/o \ 4G J / x 

where the sum runs over all subsets /, J of Iq such that I C J. This formula 
computes ±<SW(e^, in terms of the Conway polynomials of L and its sublinks, 
and the linking and framing numbers of the components of L. 

Assume now that 61 (M) = 1. Choose an element t G H whose projection to 
H/TorsH = Z is a generator. An element g G H is said to be i-positive (resp. 
t- negative) if g G t K ToisH with K > (resp. with K < 0). The Seiberg-Witten 
invariant of M is a Z-valued function e Slf(e,w,t) on vect(M) depending on 
t(modTorsiJ) G H/TorsH. It is computed from t(M, e,oj) as follows. Let Q be 
the subring of Q(H) generated by Q[H] and elements (g — 1) _1 where 5 runs over 
elements of H of infinite order. Using the formula (g — 1) _1 = — 1 — g — g 2 — ... for 
t-positive g and the formula (g — 1) _1 = — g^ 1 (g^ 1 — 1) _1 = g^ 1 + g~ 2 + ■■■ for 
t-negative g we can uniquely expand any a G Q as a formal series a* = X^eff 'AJ 1 
with G Q. The support of the map h 1— > : — > Q is essentially t-positive in 
the sense that it meets the set of i-negative elements of H in a finite set. Theorem 
11.2 or the results of [Tu5, Sect. 4.2] show that r(M,e,uj) G Q. It follows from 
[Tu6] (cf. Appendix 3 of the present paper) that 

±SW(e,w,t) = (t(JW, e, w))' -1 = (r(M, e"\ (12.1.6) 

Recall that (efy 1 = ef_ k , cf. Sect. 1.7. Combining this with Theorem 11.2 we 
obtain the following formulas for ±SW(e^f ,u>ff ,t) in the setting of Sect. 11.1. If 
m - \I \ > 2 (and 61 (M) = 1), then 

±SW{e?,u>?,t) 
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£ (-l)l'ldet(^(L)) H([U] l)^(V(L J ,L 7nJ ,fc J )) 

/C./C/o \ ie J 



t" 

tr 



1 

/ 

tr 



= J2 (-l) |J| det(^(L)) n(M- 1 )red(V(i T i 7nJ ,(2-A : /)) 

/CJC/o \; e j 

Note that (2 — fc) J = 2 + (— fc 7 ). If 7 consists of all i = 1, m except a certain 
n, then t = [t„] G _ff projects to a generator of H/TorsH. Let Ai n (t) = 
be the canonically normalized Alexander polynomial of L n . Then 



£ (-l)l'ldet(*'(L)) - !)^(V(i 7 , i 7nJ ,fc T )) tr 

icJdoJ&o \iel 

. . m det{e Io (L)) 
+(-!) |Torsg| ^ z ( fc "- 3 )/ 2 + 2z (fe--5)/2 + 3z (fen _ 7)/2 + ...) 



t 

tr 



J2 (-l)'"det(*'(L)) i]J([t i }-l)- 1 d (V(L I ,L 1 ^,(2-kY)) 

( ~ ' |TorsH| (z ( fc "- 3 )/ 2 + 2z ( fc »-5)/2 + 32: (fe„-7)/2 + •■•)• 

12.2. The case of algebraically split links. The surgery formula for 
SW(e^f ,ojff) can be made quite explicit when the link L is algebraically split. 
Observe first that for an algebraically split link with m > 2 components L = 
L\ U ... U L m in a homology sphere, the Laurent polynomial Vl is divisible by 
nHi(*i — 1) m ^[i^ 1 , ...,t^ l 1 }. Thus we have a finite expansion 



V i (ti,...,t m )/II(*?- 1 ) = E zi(L) t[\..t l ™ 
»=i i=(h,...,i m )ez m 

where zi(L) e Z. 

Assume that a 3-manifold M is obtained by surgery on a framed oriented 
algebraically split link L = L\ U ... U L m in an oriented 3-dimensional integral 
homology sphere. Let k — (k\, k m ) be a charge on L. Let / = (/i,...,/ TO ) 
be the tuple of the framing numbers of L\, ...,L m . Denote by Jo the subset of 
{1, ...,ra} consisting of all j such that fj = 0. Note that |Jo| = &i(M). As usual 
we distinguish two cases b\{M) > 2 and b\{M) = 1. 
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12.2.1. Case h(M) > 2. We claim that 

±SW(e?,u?) (12.2.a) 

e ri 8 ^) e 

JoCJC{l,...,m} igj (eZ J J = -fc(mod2/) 

To see this, we analyze the terms of (11. 4. b) giving rise to entries of the neutral 
element in t(M, ef ,toff). By definition (see Sect. 8.1 and 10.4), 

m m 

V(L,k) = V(L,k)/U( ti 1) = -t^ /2 ...tt /2 V L (^ /2 ,...,C /2 )/Il^ - !) 

»=1 i=l 

= - E *W 4 fcl+il)/2 -^ +u)/2 e zitf 1 ,...,^ 1 ]- 

i=(!i,...,« m )ez"> 

Similar formulas hold for ^(L 1 ,^) where / runs over subsets of Jo = Jo- We 
substitute these formulas into (11. 4. b) and use the obvious fact that a monomial 
i™ 1 ...i" m represents 1 e Hi(M) iff ri; G Z is divisible by for all i = 1, m. This 
implies that 1 e H\(M) appears in t(M, e^f ,uff) with coefficient 

-E (-i) m Il si s n ^) E ^ i7 )- 

7c/ o ie/ leZ~,l=-k(mod2f) 

Setting here I = J we obtain 

Mr- 1 e ri 8 ^) e 

JoCJC{l,...,m} j £ j 2eZ J ,2 = -fc(mod2/) 

This and the results of [Tu6] mentioned in Sect. 12.1 imply (12. 2. a). 

The right-hand side of (12. 2. a) contains two distinguished terms corresponding 
to J = {1, ...,m} and to J = J . The term corresponding to J — {1, ...,m} equals 
(— l) m ^ ;eZm ;=_fc( mo d2/) z i{L)- The term corresponding to J = J equals 

( _ 1)6l (M) ( -Q sign(/j))z _ feJo(L Jo ) 
jeJa 

where — k J = {—kj}j e j for any set J C {1, ...,m}. For example, if all /j are equal 
to zero, then Jo = {1, ...,m} and 

SW{e?,w?) = ±z- k {L). (12.2.6) 

If Jo consists of all indices 1, ...,m except a certain i, i.e., Jo = i = {1, ...,m}\i 
then (12. 2. a) gives 

±SW(ef,<)= E signC/O^i 1 ). (12.2.C) 

(<EZ™,2 = -fc(mod2/) 

42 



The condition I = — fc(moc!2/) means here that lj = —kj for j ^ i and k = 
— fci(mod2/i). If J = {i,j} is the complement of two indices i,j then (12. 2. a) 
gives 

±SW(e?,w?)= J2 z t (L)- signify ]T z,(lS) 

leZ m ,(=-fe(mod 2/) (eZ\( = -fc(mod 2/) 

- S ign(/,) Yl + si § n (^) si S n ^) z -k— ( LTUT )- 

iezT,;=-fe(mod2/) 

12.2.2. Case &i(M) = 1. Let n be the only element of J . Let A Lri (t) = 

be the normalized Alexander polynomial of L n . Then it follows similarly from 

(11.4.e) that 

±SW{e?, 

E (-i) |J| n si g n (/o E z ^ L ' J ) 

n£JC{l,...,m},\.I\>2 ie J leZ J ,i = 2-fc(mod 2/) 

- 11 Si S n (/i) ( Z (fe„-3)/2 + 2Z(fe„_ 5 )/2 + 3z (feri _ 7)/2 + ...). 

12.3. Examples. 1. Let a 3-manifold M be obtained by surgery along an 
oriented knot L = L\ C S" 3 with framing 0. Then for any odd integer fc, 

SW(ef , , [h]) = ±(«(fc B _ 3 )/2 + 22 (fe „_5)/2 + 3^(fe n - 7 )/2 + .-.) 

where A L „(t) = £,zzt'. 

2. Consider the Borromean link L = Li U L 2 U L 3 . It is algebraically split, 
2j(L) = for alH ^ and Zq(L) = ±1 where the sign depends on the orientation 
of L. All 2-component sublinks of L are trivial and have a zero Alexander-Conway 
polynomial. Therefore if M is obtained by surgery on L with framing numbers 
(/ G Z, 0, 0) then formulas (12. 2. b), (12. 2. c) show that there is an Euler structure 
on M with SW- invariant ±1 and all other Euler structures on M have a zero 
SW-invariant. This was previously known for / = where M = S 1 x S 1 x S 1 . 

Appendix 1. A surgery formula for rational homology spheres 

We discuss here an analogue of Theorem 11.2 in the case where M is a rational 
homology sphere, i.e., b\(M) = 0. We use the notation of Sect. 11.1. It is clear 
that I = {1, ...,m} and Q(H) = Q[H] where H = H t (M). For every i = 1, ...,m, 
we define Oi G Q[H] by (11. 4. c) where /» > 1 is the order of [ti] G H. For sets 
/ G J C {1, m}, set rk{I, J) = rankff(£ T , L lnJ ). 
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The arguments of Sect. 11 apply here with the following changes. One of 
the summands in the splitting of Q[H] into a direct sum of fields corresponds to 
the augmentation homomorphism cpo : Q[H] — > Q which maps H to 1. Clearly, 
Ht a {M) = H*(M; Q) ^ so that t V0 (M) = 0. This allows us to proceed as in 
the proof of Theorem 11.2 involving only r such that <p r (H) ^ 1. This leads to 
the condition J ^ {1, m} or equivalently \J\ < m — 1 in the formulas below. 

The second subtlety comes from the fact that the expression (V(L / , L InJ , k T )) tT 
is defined only if rk(I,J) > 2. Note that rk(I,J) > \J\ > 1. We can have 
rk(I,J) = 1 only when J = n = {1, ...,m}\{n} for a certain n = 1, ...,m. For a 
set / C J = n three cases may occur: (i) rk(I, J) > 2; (ii) rk(I, J) = 1 and I ^ J, 
and (iii) I = J. In the second case 

([t„] - l)V(L 7 ,L 7nJ ,fc 7 ) e Z[H(L 7 ,L 7nJ )} 

and we can set 

(X7(L J ,L 7 " J ,k T )f = ([t n ] 1)^ (([*„] - l)V(L 7 L 7nJ ,fc 7 )) tr G Q[fl]. 
Then the same arguments as in the proof of Theorem 11.2 show that 

r(M,ef,<) = 

£ (-l)l'ldet(f'(L)) JJ([*i] - l)^(V(L 7 ,L 7nJ ,fc 7 )) tr 

/C/C{l,...,m},|/|<m-2,| J|<m-1 
m 

+ (-1)™ £ det(r(L)) ([] <Tj) [tn ](*»-'fc(i».^)+D/2 (([;„] _ f A Ln ([t n }). 

n—l i^n 

In the case where L is algebraically split and its components have non-zero 
framings /i, f m , we obtain 

r(M,ef,<)= J] (-l)l'l H Si [V(L J ,k 7 )] 

JC{l,...,m},|J|<m-2 ie/ 

m 

+(-!) m e (n^o w (fe - +i)/2 (([*«] - iu) 2 aljn). 

n— 1 i^n 



Appendix 2. Computation of 

Canonical homology orientation. Every closed oriented 3-manifold M has a 
canonical homology orientation lum determined by an arbitrary basis in the vector 
space H (M; R) © i?i(M; R) followed by the Poincare dual basis in H 2 {M; R) © 
ff 3 (M;R). Clearly, = (-1) 6 °(m)+&i(m) Wm _ Thc aim of this appcn di x is 
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to compute the homology orientation Ujf = (ojl) M of M which appears above 
via lom- It is obvious that cuff = ±u>m and we shall compute the sign ± in this 
formula. We begin with a purely algebraic definition. 

Sign of the determinant as a torsion. Let B be a symmetric (m x m)-matrix 
over R with m — 1,2, ... Let b be the symmetric bilinear form on R m determined 
by B. Quotienting R m by the annihilator Ann(&) we obtain a non-degenerate 
symmetric bilinear form on R m /Ann(6). It can be represented with respect to 
a basis of R m /Ann(6) by a non-degenerate symmetric matrix. The sign of its 
determinant does not depend on the choice of the basis. This sign is denoted by 
deto(-B). If B is non-degenerate then deto(-B) = sign(det(£>)). 

We can interpret deto(-B) in terms of torsions as follows. Consider the sequence 
of vector spaces and linear homomorphisms 

C = (Ann(6) ^ R m (R m )* -» (Ann(6))*) 

where ad(6) : R m — ► (R 1 ™)* = Hom(R m , R) is adjoint to b and the homomorphism 
(R 1 ™)* — ► (Ann(6))* is obtained by restricting linear functional on R m to Ann(6). 
Clearly, C is an acyclic chain complex. We provide Ann(6),R™ with arbitrary 
bases and provide (Ann(6))*, (R m )* with dual bases. It follows from definitions 
that the sign tq{C) = ±1 of the corresponding torsion r(C) e R depends only 
on b and does not depend on the choice of bases in Ann(6),R"\ Choosing these 
bases so that the one in R m extends the one in Ann(6) we easily compute that 

To (C) = (_l)(™+l)dim(Ann(6)) dct ^ B y ( 2 . ) 

Lemma. Let M be a closed 3-manifold obtained by surgery on a framed oriented 
link L = LiU...UL m in an oriented 3-dimensional integral homology sphere N . Let 
u>m oe the canonical homology orientation of M determined by the orientation of 
M induced by the one in N . Let B be the symmetric linking matrix [lk(Li, Lj)]^ =1 
where lk(Li, Li) is the framing number of Li. Then 

tol 1 = (_l)bi(M)+m+l deto ( B ) WM . (2.6) 

Proof. We shall use the symbols E,Ui,Zi introduced in Sect. 1.7. Let Di be 
the meridional disc of Zj. We orient Di so that dDi C dUi is homological to Li in 
Ui. As in Sect. 3.2, we provide H*(M, E;TL) with the basis 

d-i = [D 1 ,dD 1 ],...,d m = [D m ,dD m ],zi = [Zi, 5Zi], z m = [Z m ,dZ m ]. 

Note that the product orientation in Zi used to define Zi is opposite to the orien- 
tation induced from the one in M. 

We provide H*(E;TL) with the basis {[pt], t\, t m , gi, g m -i) as in Sect. 
3.1. Finally, we provide If*(M;R) with a basis \pt],h,h*, [M] where h is a basis 
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in _ffi(M;R) and h* is the Poincare dual basis in H2(M;IV). The choosen bases 
determine the orientations ul, %, <^(m,e) m H*(E; R), H*(M; R), H*(M, E; R), 
respectively. Let W be the exact homological sequence of the pair (M, E) as in 
Sect. 3.2. Consider its torsion with respect to the choosen bases t(H) £ R\{0}. 
Let t = signr(H) = ±1. In the notation of Sect. 3.2 we have Cjl = tqlom- Then 

(J™ = ^l^b 3 (M) + (b 1 (E) + l)(b 1 (M)+rn) ^ l = (-\)(™+^( M )+™ Tq ^ M ■ ^. C ) 

We compute To- The inclusion homomorphism H 2 (E;Ii) — ► H 2 (M;'R) is zero 
and therefore TL splits as a concatenation of three acyclic chain complexes 

H (E; R) -> tf (M; R), ff 3 (M; R) -> ff 3 (M, S; R) -> ff 2 (£; R), 

H 2 (M;R) -> H 2 (M,E;R) i?i(S;R) -> i?i(M;R). 

Therefore t = £i£2£3 where £1, £2, £3 are the signs of the torsions of these three 
chain complexes, respectively. The inclusion isomorphism H (E; R) — > Hq{M; R) 
is given by the unit (1 x l)-matrix and hence E\ = +1. The inclusion homomor- 
phism H 3 (M; R) -> £T 3 (M, £7; R) maps [M] to -(zi + ... + z m ) and the boundary 
homomorphism H 3 (M, E; R) — ► H 2 (E; R) maps z\,..., z m to —qi, —q m -i, qi + 
... + q m -i, respectively. Now it is easy to compute that £2 = — 1. Using the ba- 
sis di,...,d m we can identify H 2 {M, E;TVj with R m . We identify £fi(£;R) with 
(R 1 ™)* = Hom(R m ,R) so that the basis ti, ...,t m is dual to d\, ...,d m . With re- 
spect to these bases, the boundary homomorphism d : H 2 (M, E; R) — > H\(E\ R) 
is presented by the matrix B = [lk(Li, Lj)\™ ;=1 and therefore equals ad(6) where 
b is the symmetric bilinear form on R m determined by B. This allows us to iden- 
tify H 2 {M;R) = Ker<9,#i(M;R) = Cokerdwith Ann(fe), (Ann(6))*, respectively. 
Under our choice of orientations, the integral intersection index of Di with tj is 
equal to — Sf where 5\ is the Kronecker symbol. Therefore the intersection pair- 
ing between H 2 (M; R) and H\{M\ R) is equal to —1 times the Kronecker pairing 
between Ann(6) and (Ann(6))*. By formula (2. a), we have 

£3 = (-l) b !( M )(-l)(™+ 1 )&i(M) deto (B) = dcto ( B ). 

Hence r = -(-l) mbl ( M )dct (£?). Substituting this in (2.c) we obtain (2.b). 

Corollaries. We can rewrite Theorems 9.2, 10.2, 11.2 replacing cuff with lom and 
simultaneously inserting on the right-hand side the factor (— i) b i( M )+ m + 1 deto(-B). 

Appendix 3. Corrections and additions to [Tu5], [Tu6] 

Corrections and additions to [Tu5]. Let M be a compact connected oriented 
3-manifold whose boundary is cither void or consists of tori. Fix a homology 
orientation ui of M. In the case 61 (M) = 1 we fix also an element t £ H = H\(M) 
whose projection to H/ToisH = Z is a generator. Following [Tu5], we define a 
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numerical torsion function T w on the set of Euler structures on M. In the case 
b\ (M) = 1 this function depends on i(modTors7?) G if/Tors if and is denoted 
T W)t . Let e G vect(M). If &i(M) > 2 then in the notation of Sect. 12.1, T u (e) = 
(r(M,e,w))i G Z. If h(M) = then T w (e) = (r(M,e,o;))i G Q. If 6i(M) = 1 
then T Wit (e) = (r(M,e,w))i £ Z. Clearly, T_ w = -T w . 

The torsion function T in [Tu5] coincides with T u under the following two 
restrictions on If dM = then u> = u>m should be the canonical homology 
orientation of M (see Appendix 2). If dM ^ and b x {M) = 1 then t = t(u) 
should be chosen so that w is determined by the basis ([p£],i) in homology. 

Several inaccuracies occured in [Tu5] in the case of closed M with bi (M) = 1 . 
Their source is a mistake in the duality formulas in [Tu5, Sect. 2.7, 3.4]. In 
these formulas instead of c(e)(= e/e -1 ) should be (c(e)) -1 . As a result, in a few 
formulas the sign should be inverted. We give here the correct formulas. For 
e G vect(M) denote by K t (e) the unique integer K such that c(e) G t K TorsH. 
Set E = X/jgTorsff^ G Z[7J]. In Theorem 4.2.3 of [Tu5] we should have 

T t (M, e) - r(M, e, w M ) + ^M±^(l - t)-i£ - (l - t )-2 S G Z [fl]. (3.a) 

On p. 690, line 11 from below should be written r t -i (M, e) = r t (M, e) - (if t (e)/2). 
On p. 691, line 18 from above should be written r = (-K — 2)/2. On p. 694, lines 
3 and 6 should be T t (e) = q e t {l) - K t (e)/2 and T t -i(e) = T t (e) + K t (e)/2 (where 
the torsion functions T t ,T t -i correspond to w = %). 

We state here the duality property for T u . Let e G vect(M). If &i(M) ^ 1 then 

T w (e) = (-l) b °^T u (e- 1 ). (3.6) 

If 6i(M) = 1 then 

T^(e) = (-l) b «( 9M )T^- 1 ( e - 1 ). (3.c) 
These equalities result from the formula, proven below, 

r(M, e, w) = (-l) fc «( 9M ) r(M, e"\ w) (3.d) 

where the overbar denotes the involution in sending any h e H to h~ x . It 

is clear that (3.d) implies (3.b) for &i(M) ^ 1. Let us check (3.c). If dM = then 
replacing if necessary to by — to we can assume that u> = lom- By (3. a), (3.d), 

r(M, e" 1 ^) - r(M,e,w) = ^(M^) - ^M±^(l - i" 1 )"^ + (1 - t" 1 )" 2 !]. 
Therefore 

T^-^e- 1 ) = - ^ + 2 + 1 = {rtiM^e)), ^ = T w>t (e). 

If <9M ^ then the proof is similar using that by [Tu5], Theorem 4.2.1, 

T(M,e,w)-(l-t(uj))- 1 i:eZ[H}. (3.e) 
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As an exercise, the reader can prove that if b\(M) — 1 and dM ^ then 

7 1 w ,( t ( w ))-i(e) = T W)t ( U) )(e) - 1. 

Proof of (3.d). In the case dM = 0, formula (3.d) follows from the results of 
[Tu4], Appendix B combined with the computation of signs in [Tu3], Appendix. 
We give here a proof in the case where b\ (M) > 1 and dM is possibly non-void. 
This covers all possible cases since in our setting bi(M) > 1 whenever dM ^ 0. 

We first establish (3.d) when M — E is the exterior of a link L = L\ U ... U 
L m C S 3 . Let k = (ki,...,k m ) be a charge on L. The key fact is the equality 
V L = (-l) m V L (see Sect. 8.1). We have 

T(E,e k ,u L ) = VGM) = -t- kl/2 ...t m k ™/ 2 V L (^ 1/2 , i" 1 / 2 ) 

= -(-irtr fci/2 ...t- fcm/2 v i (tl /2 ,...,4 /2 ) - (-ir v(L,-fc) 

= {-l) m r(E,e^ k ,u L ) = (-l)™^,^)- 1 ,^). 

We claim that if (3.d) holds for a 3-manifold E with b\(E) > 2 then it holds for 
a 3-manifold M with b\ (M) > 1 obtained from E by gluing m directed solid tori 
whose cores represent elements of infinite order, hi,..., h m s Hi(M). Indeed, let 
e e vect(E) and w be a homology orientation of E. Let in : Z[Hi (E)] — > Z[i?i (M)] 
be the inclusion homomorphism. Assume first that m = 1 and set h = hi. By 
Lemma 7.3.3, r(M, e M , w M ) = (ft - l)" 1 in(r(S, e, w)). Hence 

T(M,e M ,uj M ) = (ft" 1 - lj^iiifrfE.cw)) 
= (ft" 1 - I)" 1 in(T(£,e,w)) = -ft(ft - I)" 1 (-l) h "( 9£ ) in(r(S, e" 1 , w)) 
= (-l) b »( aM ) ft(ft - l)- 1 in(c(e) _1 ) m(r{E, e, w)) 
= (-l) 6o < 9M )ft in^e)- 1 ) T (M, e M ,u m ) 
= {-lf^^hmicie)- 1 ) c(e M ) r(M, (e M )- 1 , w M ). 

It remains to observe that c(e M ) = in(c(e))ft- 1 (cf. (1.5.c)). The case m > 1 is 
similar. 

Now we can accomplish the proof of (3.d) in the case &i(M) > 1. The argument 
given in [Tu5], Sect. 3.9 shows that there is a framed link L C M (with > 2 
components) whose components represent elements of infinite order in Hi(M) 
and such that the exterior, E, of L in M is homeomorphic to the exterior of a link 
in S* 3 . The arguments above imply that (3.d) holds for E and therefore for M. 

Corrections and additions to [Tu6]. In [Tu6], Sect. 1 the definition of the 
distinguished Euler structure on a directed solid torus should be the same as in 
the present paper. Thus, on the last line of [Tu6], Sect. 1.3 instead of c(s t ) = t 
should be c(s t ) = The excision formula in [Tu6], Sect. 2.3 should look like 

m 

m*(v(E)) = ±l[(l-[L i }- 1 )v(M). (3./) 

i=l 
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The corresponding changes should be implemented in the corollaries of this formula 
in [Tu6], Sect. 3. However, all the statements in [Tu6], Sect. 2 and 3 remain valid. 

In [Tu6], Sect. 4.2 it is claimed that the torsion function satisfies all the axioms 
stated in [Tu6], Sect. 2. Here we give more details. Let S be the class of triples 
(M, u),e) where M is a compact connected oriented 3-manifold with b\{M) > 1 
whose boundary is either void or consists of tori, ui is a homology orientation on 
M, and e is an Euler structure (= relative Spm c -structure) on M . In the case 
dM = we assume that u = u>m is induced by the orientation of M. In the case 
b\{M) = 1, dM = the manifold M is assumed to be endowed with a homology 
class t(M) G H = Hi(M) whose projection to H/ToisH is a generator. We define 
a Z-valued function v on S by 

I T Utt (e L ), if 6i(M) = 1 

where t = t(M) in the case h(M) = l,dM = and t = t(u) in the case b\(M) = 
l,dM ^ 0. We claim that v satisfies the axioms stated in [Tu6], Sect. 2. By the 
uniqueness, v coincides with the Seiberg-Witten function SW : S — ► Z at least up 
to sign depending only on the underlying 3-manifold. Combining this with (3.b), 
(3.c) we obtain (12.1. a), (12.1.b). 

Before discussing the properties of v we comment on the relations between v 
and t. Assume first that &i(M) > 2. For any e G vect(M), g G H, 

(T{M,e,w)) g - (g~ 1 r(M, e, w))i = (r(M,g _1 e,a;))i 

= v(M, (g^e)- 1 ^) = w(M, fl e- 1 ,o;). 
Hence r{M,e,w) = ^ geH v(M 1 ge~ 1 .uo) g. The formal expression 

u(M) = ^ u(M, e,w)e£ Z[vect(M)] 

eGvoct(M) 

can therefore be computed as follows. Fix eo G vect(M). Then 

v(M)= «(M,e,w) e =^ V (M, 5 eo 1 ,w) 3 e ( 7 1 =r(M,eo,^)e ( 7 1 . 

eGvoct(M) gG-H 

Similarly, if 6i(M) = 1 then (r(M,e,w))* = J2 g eH V ( M ^ d^ 1 ^) 9 and 

w(M) = ^ w(M, e, u) e = (r(M, e , w))' e^ 1 G Z[[vect(M)]] 

eGvcct(M) 

where £ is as in (3.g). 

The function i> satisfies Axioms 1-4 stated in [Tu6], Sect. 2. Axiom 1 (topo- 
logical invariance) is obvious. Axiom 2 (first part) consists in the finiteness of 
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the support of v for any M with b\{M) > 2. This follows from the inclusion 
r(M,e,uj) G Z[Hi(M)]. Axiom 2 (second part) claims that the support of v is 
essentially t-positive for any M with b\(M) = 1 where t is as in (3.g). This 
follows from (3. a) and (3.e). Axiom 3 amounts to the excision formula (3.f) 
provided b\{E) > 2. Here in* is an additive homomorphism of abclian groups 
Z[vect(E)] -> Z[vect(M)] sending any e G vect(-E) to e M G vect(M) in the nota- 
tion of Sect. 1.5. We check (3.f). Assume first that &i(M) > 2. Fix a homology 
orientation in E and eo G vect(_E). Note that ±v(E) does not depend on the 
choice of ui. Let in denote the inclusion homomorphism Z[H\(E)] — > Z[H\(M)]. 
By Lemma 7.3.3, 

±in*(v(E)) = ±in,(T(M, eo ,w)e 1 ) = ±in(r(M, e , ^))(e 1 ) M 

m mm 

= ± JJdLi] - 1) r(M, e M , n^]" 1 ^)" 1 = ± JR 1 M" 1 ) "W- 

i=l 2—1 i— 1 

In the case &i(M) = 1 the proof is similar using that 

m m 

Y[([Li] l)r{M,e^,u M ) = [J([LJ - 1) (r(M, e^, c M )) 4 . (3./i) 

i=l i=l 

Formula (3.h) follows from (3. a) (resp. from (3.e)) if dM — and m > 2 (resp. 
if dM ^ 0). If 6i(M) = l,dM = and m = 1 then the assumption b^E) > 2 
implies that [L{\ G Torsi?i(M). Then [L\] — 1 annihilates S so that (3.h) also 
follows from (3. a). Finally, Axiom 4 follows from the fact that for the exteriors of 
links in 5* 3 , the torsion r coincides with the Milnor torsion [Mil] which is equivalent 
to the Alexander polynomial. 
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